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Abstract. The theory of multi-norms was developed by H. G. Dales and M. 
E. Polyakov in a memoir that was published in Dissertationes Mathematicae. 
In that memoir, the notion of 'equivalence' of multi-norms was defined. In 
the present memoir, we make a systematic study of when various pairs of 
multi-norms are mutually equivalent. 

In particular, we study when (p, g)-multi- norms defined on spaces L'"(f2) 
are equivalent, resolving most cases; we have stronger results in the case where 
r = 2. We also show that the standard [t]-multi-norm defined on L^{Q) is not 
equivalent to a (p, <;)-multi-norm in most cases, leaving some cases open. We 
discuss the equivalence of the Hilbert space multi-norm, the (p, (jr)-multi-norm, 
and the maximum multi-norm based on a Hilbert space. Wc calculate the 
value of some constants that arise. 

Several results depend on the classical theory of (g, p)-summing operators. 
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CHAPTER 1 



Introduction 



The theory of multi-norms was developed by H. G. Dales and M. E. Polyakov in a 
memoir [11] , which was published in Dissertationes Mathematicae. One motivation 
for the development of this theory was to resolve a question on the injcctivity of 
the Banach left modules U'{G) over the group algebra L^{G) of a locally compact 
group G: indeed, for p > 1, U'{G) is injective if and only if G is amenable [12 . 

However, the theory of multi- norms developed a life of its own: it is shown in 
[llj that the theory has connections with tensor norms on the spaces cq fXi E, with 
the theory of (g,p)-summing operators, and with Banach algebras of operators, 
through the concept of a 'multi-bounded' operator. 

In [llj . there are many examples of multi- norms based on a normed space. 
For example, this memoir introduced the maximum and minimum multi-norms, 
the (j>, g)-multi-norm based on a normed space (for 1 < p < q < oo), the standard 
<- multi-norm based on a space L''(S1) (for 1 < r < t < oo), and the Hilbert multi- 
norm based on a Hilbert space. 

There is a natural notion of 'equivalence' of two multi-norms based on the 
same normed space, and we find it of interest to establish when various pairs of 
the known examples are indeed mutually equivalent. This often leads to questions 
of the equality of various classes of summing operators on certain Banach spaces. 
However, this relationship to summing operators is not entirely straightforward: 
results on such operators in the literature seem to give only partial indications. 
For example, in the case of (p, g)-multi-norms on a Hilbert space _ff , we would like 
information about Ilqp{H, cq), but classical results determine Ilq^p{H). 

Some easy results on the equivalences of pairs of multi-norms were given in |llj 
and in [12 . In the present paper, we shall present a more systematic study of these 
equivalences. 

In Chapter 1, we shall recall some background in functional analysis, including 
the theory of summing norms and tensor norms. In particular, we shall define the 
Banach space {Ilq^p(E, F), TTq^p) of (q,p)-summing operators between Banach spaces 
E and F. 

In Chapter 2, we shall give the definition of a multi- norm, and introduce the 
notions of the rate of growth {ipn{E)) of a multi-norm based on a space E and our 
notion of the mutual equivalence of two multi-norms based on the same normed 
space. Two equivalent multi-norms have similar rates of growth, but the converse is, 
in general, not true. We shall recall the definitions of the maximum and minimum 
multi-norms, (|j • ||'"'''^ : n e N) and (|| • ||™'" : n e N), based on a normed space. 

We shall define the (p, q)-multi-norm (|| • ||„ ''' : n e N) based on such a space 
E in the case where 1 < p < q < oo, and we shall related these multi- norms to 
certain Co-norms on the algebraic tensor product cqC^E; for example, it is shown in 
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Theorem 12.101 that the (p,p)-muhi-norm corresponds to the Chevet-Saphar norm 
on Co ^ E. We shall show in Coroharv 12.91 that the muhi-norms corresponding to 
points (pi, qi) and {p2, 92) are mutually equivalent if and only if the Banach spaces 
Ilgj^ pj(£", Co) and Ilg^ p2(_E', cq) are the same. 

We shall begin to study the relations between (p, (7)-multi-norms in §2.5, giving 
first indications in a diagram on pagel20| this diagram follows from standard results 
on (g,p)-summing operators given by Diestel, Jarchow, and Tonge in the fine text 
|14j . In Examples 12.161 and 12.171 we shall calculate some explicit (p, g)-multi- 
norms; these results will be used later to show that certain (p, (7)-multi-norms are 
not mutually equivalent. It was already known that the (1, l)-multi-norm is the 
maximum multi-norm on each normed space. 

In §2.6, we shall describe the standard i-multi-norm on a Banach space L''(J7, fj,), 
where (fl, /i) is a measure space; these multi-norms played an important role in [llj . 
especially in connection with the theory of multi-bounded operators between Ba- 
nach lattices. In §2.7, we shall describe the Hilbert multi-norm based on a Hilbert 
space; in fact, this is equal to the (2, 2)-multi-norm based on the same space. 

Our first aim in Chapter 3 is to determine when two (p, g)-multi-norms based 
on a space L''(J7,/i) are mutually equivalent; here 1 < p < q < 00 and r > 1. In 
the case where r = 1, complete results are given in §3.1. The case where r > 1 
is more difficult, and there is a clear distinction between the cases where r < 2 
and r > 2. To discuss the question, it is helpful to consider certain curves Cc and 
T>c, defined for for < c < 1; the union of these curves fills out the 'triangle' 
T = {{p, q) : I < p < q} ■ A picture of these curves in the case where r > 2 is given 
on page[35l 

We say that two points Pi — {pi,qi) and P2 = {p2,q2) hi T are equivalent if 
the corresponding (p, q)-multi-norms are equivalent on L'^{fl). In Theorem 13.111 
we shall show that in the 'upper-left' of our diagram. Pi and P2 are mutually 
equivalent, and that the corresponding multi- norms are equivalent to the minimum 
multi-norm. It is also shown that, otherwise. Pi and P2 are not equivalent whenever 
they lie on distinct curves Vc- Thus we must turn to consideration of points on 
the same curve Vc (for c < 1/f, where f = min{2,r}). In §3.6, we shall use 
Khintchine's inequalities to show that Pi and P2 are not equivalent on the space l"^ 
whenever they are not equivalent on ^^, and hence whenever the spaces Ilq-,^,p-^{£'^) 
and IIq2,p2(^^) are distinct; the latter question is classical, and full results are given 
in |14j . Thus we are able to resolve most questions of mutual equivalence of {p, q)- 
multi-norms on L'^{^, fJ.). Results in the case where r g (1, 2) are given in Theorem 
13.161 and those in the case where r > 2 are given in Theorem 13. 181 Some cases are 
left open in Theorems 13.161 and 13.181 but a full solution is given in the case where 
r — 2. Some of the remaining cases will be resolved in [7]. 

Let fi be a measure space, and take r > 1. In §3.8, we shall consider the 
conjecture that the multi-norms (|j • \\lj) and (|| • ||„ '' ) are not mutually equivalent 
whenever r > 1 and U'{fl) is infinite dimensional. (By Theorem 12.201 (II ■ ll„ ) ~ 
(II ■ lln '^ ) '^'^ L^(Sl) for q > 1.) We shall prove this conjecture for many, but not 
all, values of p, q, and r in Theorem 13.221 

Let H he a complex Hilbert space. Then the Hilbert multi-norm, the {p,p)- 
multi- norms for p G [1,2], and the maximum multi- norm based on H are all pairwise 
equivalent. In Chapter 4, we shall discuss these norms in more detail. For example, 
we know that, for each p e [1,2], there is a constant Cp such that ||a;||™'^'^ = 
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||a;|li^^^' < Cp ||a;||^^'^^ for all x e i/" and all n e N. In §4.1, wc shall show that 
2/^/7F is the best value of C2; this is a consequence of the 'Little Grothendieck 
Theorem'. 

In the remainder of Chapter 4, we shall consider the best constant c„, defined 
for each fixed n G N, such that ||ic||™^'' < c„ ||a;||„ ' for x e iJ". We shall show 
that C2 = 1, but that C3 > 1 in the real case; however, a rather long calculation 
will show that C3 = 1 in the complex case; finally, we shall show in §4.5 that C4 > 1 
even in the complex case. 

Two points left open in the present work will be resolve in [7]; see Remarks 
[3T7land[3T9l 

We first give some background to the material of this paper, and recall some 
definitions from earlier works. 

1. Basic notation 

The natural numbers and the integers are N and Z, respectively. For n G N, 
we set N„ = {1, . . . , n}. The complex field is C; the unit circle and open unit disc 
in C are T and B, respectively. 

Let 1 < p < 00. Then the conjugate to p is denoted by p' , so that 1 < p' < 00 
and satisfies 1/p+l/p' — 1. 

Let {an) and (/3„) be two sequences of complex numbers. Then (a„) and (/?„) 
are similar^ written a„ ^ /3„, if there are constants Ci, C2 > such that 

Ci|a„|<|/3„|<C2|a„| (neN). 



2. Linear and Banach spaces 

Let E he a. linear space (always taken to be over the complex field, C, unless 
otherwise stated). 

Let C be a convex set in E. An element a; G C is an extreme point if C \ {a;} is 
also convex; the set of extreme points of C is denoted by exC. Let x £ C. Then, to 
show that a; € exC, it suffices to show that u = whenever u G E and x ±u £ C. 

For a linear space E and n g N, we denote by E" the linear space direct product 
of n copies of E. Let F be another linear space. Then the linear space of all linear 
operators from ii^ to F is denoted by C{E,F). The identity operator on E is Ie, 
or just / when the space is obvious. 

Let E he a normed space. The closed unit ball and unit sphere of E are denoted 
by E[i] and Se, respectively, so that exE^i-^ C Se- We denote the dual space of 
E by E'; the action oi X E E' on an element x E E is written as (x. A), and the 
canonical embedding of E into its bidual E" is ke ■ E ~> E" . 

Let E and F he normed spaces. Then B{E, F) is the normed space of all 
bounded linear operators from E to F; it is a Banach space whenever F is complete. 
The ideal of finite-rank operators in B{E, F) is denoted by T{E, F). We set B{E) = 
B{E, E), so that B{E) is a unital normed algebra; it is a Banach algebra whenever 
E is complete. The dual of T G B{E,F) is T' G B{F',E'), so that ||T'|| = ||T||. 
The closed ideal of B{E) consisting of the compact operators is denoted by JC{E). 

A closed subspace _F of a normed space E is X- complemented if there exists 
P G B{E) with p2 ^ p^ with P{E) = F, and with |1P|1 < A. 
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We write E ^ F when two Banach spaces {E, || • ||) and (F, || • ||) are isometri- 
cally isomorphic. 

Let (ri,/x) be a measure space, and take p > 1. Then we denote by 1/(^1) = 
IJ'{Q,,li) (or LP{^)) the Banach space of (equivalence classes of) complex-valued, 
p— integrable functions on il, equipped with the norm |j • || , which is given by 

We also define the related space L°°(J7) = L°°{^, fx). All these spaces are Dedekind 
complete (complex) Banach lattices in the standard way. For some background on 
Banach lattices that is sufficient for our purposes, see |11[ §1.3]. 

Let Co and f be the usual Banach spaces of sequences, where 1 <p < co. We 
shall write (5n)5^i for the standard unit Schauder basis for cq andf (whenp > 1). 
For n e N, we write i^ and ^f^ for the linear space C" with the supremum and 
£P norms, respectively; we regard each £^ as a subspace of cq, and hence regard 
('^i)"=i ^^ ^ basis for (.^. The space of all continuous functions on a compact 
Hausdorff space K is denoted by C{K). 

We shall several times use the following two results. 

Proposition 1.1. Take p>l, and let U be a measure space such that U'{^) 
is infinite dimensional. Then there is an isometric lattice homomorphism J : 
gp _-, 27'(J7) and a positive contraction of 1^(0,) onto J{£'^), so that J{£p) is 1- 
complemented in LP^fl). 

Proof. This is i^ 4.1], for example. D 

Proposition 1.2. Let E be an infinite- dimensional Banach space, and take 
e > and n S N. Then there exist xi, . . . ,Xn & E such that 

(neN) 




(ai, . . . ,a„ e C) . 

Proof. By Dvoretzky's theorem, E contains near-isometric copies of i^, and 
this gives the result. Actually, our claim is somewhat weaker, and follows from 
more elementary arguments, given in [14 1, Lemma 1.3], for example. D 

We shall refer to Lorentz sequence spaces. Suppose that 1 < p < g < oo. Then 
the Lorentz sequence space £^'' consists of the sequences x — (x„) S cq such that 

/ oo \ 1/9 

where x* is the decreasing re-arrangement of |a;|; the version based on N„ is i^'"^. 
For this definition, see [14( p. 207], for example. The spaces (^''''', || • |L „) are 
Banach spaces. In the case where q = p, we obtain the usual spaces £^ and i^. 

We shall also refer to Schatten classes. Let if be a Hilbert space. For p > 1, 
the p-th Schatten class Sp{H) consists of the compact operators T S IC{H) such 
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that the positive operator (^T*Ty/'^ has finite trace; the norm || • ||g on Sp{H) is 
given by 

||r||5^ = (tr((T*Tf/2))'^' {TeS,iH)). 

Equivalently, T e Sp{H) if and only if the operator \T\ = (^T*Ty/^ is compact 
and A = (A„) € £p, where (A„) is the (decreasing) sequence of non-zero eigenvalues 
of |r|, counted according to their multiplicities; now \\T\\g — ||A|| . The space 
{Sp{H), II • ||_5 ) is a Banach operator ideal in B{H); the ideal S2{H) coincides with 
the space of Hilbert-Schmidt operators on H, and the corresponding norm is the 
Hilbert-Schmidt norm. 

In the case where 2 < p < q < oo, the space S2q/p^q{H) consists of the operators 
T e B{H) such that the above sequence of eigenvalues belongs to the Lorentz 
sequence space I'^i/P'I^ and so satisfies the condition that 

/ oo \ 1/9 

Suppose that H is an infinite-dimensional Hilbert space, and let (e^) be an 
orthonormal sequence in H. For a > 0, set T^Cn = n~"e„ [n g N), so that 
Tq, extends to an operator in B{H) in an obvious way. Then Ta G Sp{H) if and 
only if ap > 1. Thus Sp{H) 7^ Sq{H) whenever p,q > 1 with p ^ q. Further, 
Ta & S2q/p^q{H) if and only if a > p/2q, and so Sr(H) ^ S2q/p.q{H) whenever 
r 7^ 2g/p. 

Now suppose that r = 2q/p. We take an infinite subset X of N, and define 
T e B{H) by setting Ten = n'^'en {n G X) and Te„ = (n e N \ X), where 
qa = 1 — p/2, and again extending T to belong to B{H). Then T e Sr{H) if and 
only if 

and so T G Sr{H) for a suitably 'sparse' set X, noting that {2/p) — 1 < 0. However, 
T € S2q/p.q{H) if and only if X^nex 1 < oOi and this is never the case for infinite 
X. Thus it is always true that the spaces Sr{H) and S2q/p.q{H) are distinct. 

Similarly, the spaces S2q/p^q{H) corresponding to pairs (pi, gi) and {p2, 92) are 
distinct whenever (pi,gi) ^ (^2,92)- 



3. Summing norms and summing operators 

Let E' be a normed space, and let n G N. Following the notation of [111 1121 118) , 
we define the weak p -summing norm (for 1 < p < 00) on E'^ by 

^ip^n(x) = sup < I ^ \{xt,\)\^ j : A G £;'i] 

where x = (a;i,...,x„) G S". We set £,p(S)"' = (E",Aip,„). It follows from [HI 
p. 26] that, for each x = {xi, . . . , x„) G E"- , we have 



(1) fJ'p,nix) = sup ■ 






ci,...,c„gc, 5;]ic/'<i 
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We also have 

(2) f^pAx) - ||T. : iP^ ^ E\\ , 

where T^ : (/3i, . . . , ^„) H- X]"=i A^« belongs to /B(^p , E). Thus the map a; i-> Tec 
is an isometric isomorphism from (i?", A'p,n) onto yS(£^ , E). Also, let i^ be another 
normed space, and take T e B{E,F). Then clearly 

Hp,„{Txi,...,Txn) < \\T\\^ipAxi,---,Xn) (xi,...,x„ € -E, Tl € N) . 
We note that 

fJ-PiA^) > tJ-P2,nix) (x e E", neN) 
whenever 1 < Pi < P2 < oo. 

We also define the weak p -summing norm of a sequence x — (xi) of elements 
in E by 

fXp{x) =sup<| ^\{xi,X)f I : A e £^[1] > = Jmi^/ip,„(a;i, . . . , a;„) ; 

thus fJ-p{x) takes values in [0,oo]. The sequences x such that ^.p{x) < 00 are the 
weakly p -summable sequences in E, and the space of these sequences is iP{E)"'; 
see |14[ p. 32] and |231 p. 134], where ^p(-) is denoted by |i • 11^'^'' and || • ||p , 
respectively. It follows from [18, p. 26] that, for each sequence x — (xi) in E, we 
have 



(3) f^p{x) = sup ■ 



1=1 



(C.) e {e" )[i] 




Suppose that 1 < p < q < 00. We recall from |14[ Chapter 10] that an operator 
T from a normed space E into another normed space F is {q,p) -summing if there 
exists a constant C such that 

.,x„) {xi,...,Xn e E, n gN) . 

The smallest such constant C is denoted by iZq^T)- The set of these ((7,p)-summing 
operators, which is denoted by ng^p(i5, F), is a linear subspace of B{E,F) and a 
normed space when equipped with the norm tt^^^ ; (ng_p(_E, F), Tr^^p) is a Banach 
space when E and i^ are Banach spaces. In the case where p — q, we shall write lip 
and TTp instead of IIp^p and TTp^p, respectively. The space (lip, TTp) of all p -sunnming 
operators has been studied by many authors; see |13L 1141 [T71 1181 123] . for example. 
In the case where E — F, we shall write ]Iqp{E) instead of Ilq,p{E,E), TTq^p{E) 
instead of Trq^p{E, E), ... etc. 

A basic inclusion theorem |14[ Theorem 2.8] shows that Ilp{E,F) C Ilq{E,F) 
whenever 1 < p < q < 00. A more complicated inclusion theorem il4. Theorem 
10.4] will be used in Theorem 12. 11[ given below. 

Let us make some obvious remarks about summing operators. Let E, F, and 
G be Banach spaces, and take T £ B{E, F) and 1 < p < q < 00. Then: 

• T e Uq,p{E,F) if and only if 5* o T G Ilq^p{E,G), with equal norm, for 
any isometry S : F ^ G ; 

• T € Ilq^p{E,F) if and only if T o P e Ilq^p{G,F), with equal norm, for 
any contractive projection P : G ^ E. 
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These remarks will be used implicitly at some future points. 

The Pietsch domination theorem can be stated in the following way (cf. the 
discussion after [23l Theorem 6.18]). Take p > 1. A map T e B{E,F) is p- 
summing if and only if we can find a non-empty, compact Hausdorff space K and 
a probability measure ^ on K , together with operators V G B{E^ C{K)) and U e 
B{LP{ii),£°°{I)) such that the following diagram commutes: 

E ^-^ F^ ^e°°{i) 

V u 

C{K) ^LP{^i). 

Here the map C{K) — )■ i^(/i) is the canonical inclusion map, / is a suitable index 
set, and i°°{I) can be replaced by any injective Banach space G such that F is 
isometric to a subspace of G. 

Let E and F be normed spaces. Take n £ N, and suppose that 1 < p < q < oo. 
Then the (q,p)-summing constants of the operator T G B{E,F) are the numbers 

^i"p{T) ■=SUp< i'^WTXiW'^ \ : Xi,...,Xn € E, fip^ri{xi,...,Xn) <l 

Further, TTq"p{E) — TTp"q{lE)', these are the {q,p)- summing constants of the normed 
space E. We write nl^'^T) for 4"j(T) and 4"^(^) for 4"p(^)- I* follows that 

\ 1/9 



(4) ^(;)(i?) = sup<^ ^1 



Xi,...,Xn £ E, ^p^n{xi, . . . ,X„) < 1 



Proposition 1.3. Suppose that I < p < q < oo and that n e N. Then: 
(i) TTg'p (E) < n^i'' for each normed space E; 
(ii) TTq"p{E) = n^''^ for each infinite- dimensional normed space E whenever 

(iii) TTq^p{E) > n^f^^^/P+^/i for each infinite- dimensional normed space E 
whenever p < 2 ; 

(iv) T^q"p{i^) = n}''^ whenever s g [l,oo] and p > min{s',2} . 

Proof, (i) This is immediate. 

(ii) Take e > 0, and choose xi, . . . , a;„ G E' to be as specified in Proposition ll.2l 
For each (^i, . . . , Cn G C with J27=i \Cif < 1: we have 

/ „ \ 1/2 / „ X l/p' 



/ ^ ^iXi 



^ Eic^n ^ Eic^^ 



because p' < 2. Thus, by equation ([1]), /ip,„(a;i, . . . , a;„) < 1, and so 

7r("^)(ii;)>(l-e)nV«. 

This holds true for each e > 0, and so n^q!^{E) > n^^i. By (i), 4?p(£;) = n^/*. 
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(iii) Take e > and choose xi, . . . ,Xn € E as in (ii). Now, since p' > 2, the 
argument in (ii) shows that /ip,„(xi, . . . , a;„) < n^/'^^^/p , and so 

for every e > 0. Hence 4"p(£;) > „i/2-i/p+i/9_ 

(iv) In the case where p > 2, this follows from (ii). Now suppose that p > s' . 
Take Xj — dj {j G N„). As in the proof of (ii), we see that /ip,„(xi, . . . ,x„) < 1, 
andso 4"p^(f") > ni/?. D 

We shall also need the following simple interpolation result. 

Proposition 1.4. Let E be a normed space. Suppose that l<p<qi<q< 
q2 < oo, so that 

1 1-61 



q qi 92 

for some 9 Cz (0, 1). Then 



Proof. Take xi, . . . , a;„ e E with fip.n{xi, . . . , Xn) < 1. Using a version of 
Holder's inequality, we see that 




s (i-e)/9i / „ ^ e/q2 

(i-e)[qi/{i-e)] \ ^ [y^iu.iiete/e] 



,1a;,: 



which implies the result. D 



4. Tensor norms 

Let E and F be linear spaces. Then E®F denotes the algebraic tensor product 
of E and F. 

Let Ei,E2, Fi,F2 be linear spaces, and take S € £(£'1,-^2) and T € C{Fi,F2). 
Then S ^T denotes the unique linear operator from Ei (E) Fi to E2 -F2 such that 

{S(g)T){x(g)y) = Sx(ETy {x e Ei, y e Fi) . 

In particular, we have defined A (g) /i whenever A and /x are linear functionals on Ei 
and Fi, respectively. 

Now suppose that E and F are normed spaces. We shall discuss various norms 
on the space E ® F. For the definitions and properties stated below, see |131 
Chapter I], [14] . and |23[ Section 6.1], for example. 

We shall often regard E ® F && a. linear subspace of B{F' , E) by setting 

{x®y){X)^{y,\)x {xeE,yeF,XeF'); 

in this way, we identify E®F with F{F' , E) C B{F' , E). Similarly, we can identify 
E^F with F[E', F) C B{E' , F). 
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The injective and projective tensor norms on E (>^ F are denoted by || • ||^ and 
II • 11^, respectively; the completions oi E^F with respect to these norms are denoted 

by 

{E®F,\\-\\J and {E®F,\\-\\J, 

respectively. 

For ne (E^F)', define T^ by 

{y, T^x) ^{x(g)y,n) {xeE,yeF). 

Then T^a; € F' {xG E),Tf,e B{E, F'), and the map 

(5) ^i^T^, {E®F)' ^B{E,F'), 

is an isometric isomorphism, and so [E (g) F)' = B{E, F'). 
A norm || • || on E ® F is a. suh-cross-norm if 

lk®y|| < ||a;||||y|| {xeE^yeF) 

and a cross-norm if 

||a;(8)y|| = ||.x||||y|| {x e E, y e F) . 

Further, a sub-cross- norm || • || on E <^ F is a reasonable cross-norm if the linear 
functional A® ^ is bounded and ||A (g) n\\ < \\X\\ ||/z|| for each A e £" and /i e F' . In 
fact, a sub-cross- norm is reasonable if and only if 

\\zl<\\z\\<\\z\l izeE(g>F). 

Let a be a reasonable cross-norm on Ei^F. Then the completion of the normed 
space {E(S>F, a) is denoted by E (^a F. The map in ([5]) identifies the dual oiE^aF 
with a linear subspace of B{E, F'). 

A uniform cross-norm is an assignment of a cross- norm to E<^F for all pairs of 
Banach spaces {E, F), with the property that, for each operator S G B{Ei,E2) and 
T eB{Fi,F2), the linear map S ® T : Ei ® Fi ^ E2 ® F2 is bounded, with norm 
at most 1 1 S* 1 1 1 1 T 1 1 , with respect to the assigned norms on Ei ^ Fi and E2<E) F2. The 
projective and injective tensor norms are uniform cross-norms. For further details, 
see [H §12.1] and ,23, §6.1]. 

For Banach spaces E and F, the (right) Chevet-Saphar norm dp on E i^ F is 
defined as 

i/p 

\ M'n' n. \ -^ I 1 ■ • ■ 1 'l^n. I I 

nGN 



dp{z) = mf ^ /Zp',„(xi,...,a:„) 22 H^^^H^ : z ^y^Xj <g) yj € E <g) F 



=1 



see, for example, |13[ Chapter 12] and |23[ p. 135]. This norm is a reasonable 
cross- norm; in fact, it is a uniform cross- norm. 

Given a tensor z & E (^ F, let z* be the 'flipped' tensor in F (^ E. We define 
the left Chevet-Sapher norm gp by gp{z) = dp{z^) |23[ p. 135]. 

Let a be a uniform cross- norm. Following (23[ Chapter 7] , we define the Schat- 
ten dual tensor norm a* by 

a"(.z)=sup{|(z,A)| : X e E' (g) F' , a{X) < 1} {z e E (g) F) , 

using the obvious dual pairing between E (g F and E' ® F' . In general, this does 
not lead to a satisfactory duality theory, as it may happen that {cc^Y 7^ a. To 
correct this, we define the dual tensor norm a' by first setting a' = a'^ on E g) F 
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whenever E and F are finite-dimensional spaces, and then extend a' to all Banach 
spaces by finite generation. The details are technical, and we refer the reader to 
[131 Chapter II] and |23[ Chapter 7] for further information. 

We say that a uniform cross-norm a is totally accessible if the embedding of 
E (E) F into {E' (g) a'F'Y induces the norm a on E (E) F ioi all Banach spaces E and 
F. That is, a is totally accessible if {a'Y = a. In the case where this is true under 
the additional hypothesis that at least one of the two spaces E oi F has the metric 
approximation property, a is said to be accessible. For us, it is important that cq 
has the metric approximation property and that many norms a on spaces E ® F 
are accessible. For example, by |23[ Proposition 7.21], gp is an accessible norm for 
any p (and hence the same is true of dp). 

Let E and F be normed spaces. A bounded operator T : E ^^ F is p -integral 
if it gives a bounded linear functional on the space E ® gi F', and the p -integral 
norm of T, denoted by ip{T), is defined to be the norm of this functional; see 
[231 §7.3]. Such maps have a representation theory which is analogous to the 
Pietsch representation theorem for p -summing operators; see [231 Theorem 7.22], 
for example. Indeed, we can factor such an operator T as 

E ^ . F ^' . F" 



C{K) ^Lpi^l). 

Comparing this to the factorisation result above for p -summing maps, we see that 
the only difference is that here we embed F into its bidual -F", but for a p -summing 
map, we embed F into an injective space. Thus every p -integral map is p -summing. 
In the special case where F = cq, we know that F" = i°°, and so we conclude with 
the following proposition. 

Proposition 1.5. Let E be a normed space. Then the classes of p -summing 
and p -integral maps from E to cq coincide, with equal norms. D 



CHAPTER 2 

Basic facts on multi-normed spaces 

1. Multi-normed spaces 

The following definition is due to Dales and Polyakov. For a full account of the 
theory of multi-normed spaces, see |11| . and, for further work, see |12| . The main 
definition is taken from [111 Definition 2.1]. 

Definition 2.1. Let (E, || • ||) be a normed space, and let (|| • jj^^ : n e N) be 
a sequence such that || • ||^ is a norm on _E" for each n g N, with || • ||j^ = || • || 
on E — E^ . Then the sequence (|| ■ ||„ : n e N) is a multi-norm if the following 
axioms hold (where in each case the axiom is required to hold for all n e N and all 

Xi,...,Xne E): 

(Al) ||(a;cr(i),...,x<^(„))||„ = ||(a;i,...,x„)||„ for each permutation a of N„; 
(A2) ||(aia;i,...,a„a;„)||„ < maxjgN„ \ai\ ||(a;i, . . . , a;„)||„ (ai,...,a„ G C"); 
(A3) ||(a;i,...,x„,0)||„+i = ||(a;i, . . . ,x„)|j„; 

\-^^) II 1*^1 1 ■ • ■ 1 -^n— 1 1 ^ni ^n j||^j_|_]^ || 1,^1 1 ■•■; 2^n — 1 ; ^nj || ^■ 

The space E equipped with a multi-norm is a multi-normed space, written in full 
as {{E", 11 • 11^) : n S N); we say that the multi-norm is based on E. 

In the case where i<^ is a Banach space, (i?", || • ||„) is a Banach space for each 
n £ N, and we refer to a multi- Banach space. 

Let (II • ||,j : " G N) and (|| • ||„ : n G N) be two multi- norms based on a normed 
space E. Then, following [ITI Definition 2.23], we write 

(II-II,\)<(MI') 

if ||3;||„ < ||a;||^ for each x E E"^ and n E N, and write 

(II -111) = (II -11') 

if 1 1 cell, J = ||a;||„ for each x G i?" and n G N. The multi- norm (|| • ||„ : n G N) 
dominates a multi- norm (|| • H^^ : n G N) if there is a constant C > such that 

(6) \\x\\l<C\\x\\l (xeE^neN), 

and, in this case, we write 

(II -Hi) =^(11- II')- 

The two multi-norms are equivalent, written 

(II- Hi) -(II -11'), 

if each dominates the other; if the two multi-norms are not equivalent, we shall 

write (II -li:,)^ (II -11^). 

15 
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We shall be interested in determining when one multi-norm dominates the other 
(and, in this case, in the best value of the constant C in equation (jG])) and when 
two multi- norms are equivalent. 

Let ((i?", II • ||„) : n e N) be a multi-normed space. For n e N, define 

(fn{E) = sup{||(a;i, . . . ,x„)||„ : xi, . . . ,a;„ G £^[i]}. 

Then the sequence {ipn{E)) is the rate of growth corresponding to the multi-norm 
[m Definition 3.1]. This sequence depends on both E and the specific multi-norm. 

2. Multi-norms as a tensor norms 

In |12| . we explained how multi-norms correspond to certain tensor norms. We 
recall this briefiy; details are given in il2, §3]. 

Definition 2.2. Let E he a, normed space. Then a norm || ■ \\ on cq i^ E is 
a CQ-norm if \\Si (E) x\\ = \\x\\ for each x G E and if the linear operator T ® Ie is 
bounded on (cq ® E,\\- ||), with norm at most ||T||, for each T £ /C(co). 

Similarly, a norm || - 1| on £°° (E) E is an i°°-norm if \\Si E) x\\ = \\x\\ for each 
X £ E and if T ® Is is bounded on (£°° (8) -E, || • ||), with norm at most ||T||, for 
eachre/C(£°°). 

By |12l Lemma 3.3], each cg-norm on coE) E and each i?°°-norm on £°° E) E is 
a reasonable cross-norm. 

Suppose that || • || is a co-norm on cq ® E, and set 



||(a;i,...,a;„)|| 



y^^5iE)x, 



(xi,...,a;„ £E, neH). 



Then (|| ■ ||„ : n G N) is a multi-norm based on E. 

A more general and detailed version of the following theorem is given as [121 
Theorem 3.4]. 

Theorem 2.3. Let E he a normed space. Then the above construction defines 
a bijection from the family of CQ-norms on cq ® E to the family of multi-norms 
based on E. D 

We shall be interested in uniform cross-norms, restricted to tensor products of 
the form co ® E. This motivates us to give the following definition. 

Definition 2.4. A uniform CQ-norm is an assignment of a co-norm || • || to 
Cq (E) E for all Banach spaces E such that the operator I E)T : cq E) E ^ cq E) F 
is bounded with respect to the two corresponding norms, with norm ||r||, for each 
normed spaces E and F and each T £ B{E, F). 

Let E he a normed space. As in [llj and [12j . there is a maximum multi-norm 
based on E; it is denoted by (|| • \\^^^ : n £ N), and is defined by the property that 

II^IL < ll^lir'^ {x£E-,n£n) 
for every multi- norm (|| • ||„ : ?^ G N) based on E. This multi-norm corresponds to 
the projective tensor norm || • ||^ on cq (8) i' via the above correspondence. By [111 
Theorem 3.33], for each n S N and x = {xi, . . . , Xn) £ E", we have 



/r7\ II 1 1 max 

(7) ||a;||„ =sup 



^{xi,Xi 



Xi, . . . , Xn £ E , /ii_„(Ai, . . . , A„) < 1 



3. THE (p, <j)-MULTI-NORM 17 

The rate of growth sequence corresponding to the maximum muhi-norm based 
on E is intrinsic to E; it is denoted by {(p™'^'^ (E)) . The value of this sequence 
for various examples is calculated in [111 §3.6]. For example, for n € N, we have 
^max(£p) ^ ^1/p fpj. p g ^^^2] and (fi^'^'^iiP) = ni/2 for p e [2,oo] [m Theorem 
3.54]. It is shown in [HI Theorem 3.58] that V" < Vn (E) < n {n e N) for each 
infinite-dimensional Banach space E. 

Similarly, there is a minimum m,ulti-norm, (|| • ||„ ; n G N) based on a normcd 
space E. As in |lll Definition 3.2], it is defined by 

||(a;i,...,x„)||™ = max||x,;|j {xi, . . . ,Xn e E) . 

The minimum multi-norm based on E corresponds to the injective tensor norm 
II • 11^ on Co 'Si E in the above correspondence, and so the minimum multi-norm on 
cqS E is the relative norm on F{E' , co) from {B{E' , cq), || • ||). Of course, the rate 
of growth sequence of the minimum multi-norm is the constant sequence 1. 



3. The {p, (7)-multi-norni 

We recall the definition of the (p, q)-multi-norm based on a normed space E. 
Let _E be a normed space, and take p,q ^ [IjOo)- Following |lll Definition 
4.1.1] and 12, §1], for each n G N and each x — {xi, . . . ,x„) € -B", we define 




supM ^|(a;j,Aj)n ■ ^J'p,nW < '^ 



where the supremum is take over all A = (Ai,...,A„) G (£")". It is clear that 
II • lllf''^ is a norm on £"». As noted in [III Theorem 4.1], (|| • Hlf'*^^ : n e N) is a 
multi-norm based on E whenever 1 < p < q < oo. 

Definition 2.5. Let E^ be a normed space, and suppose that 1 < p < q < oo. 
Then the multi-norm (|| • ||„ '' : n G N) described above is the {p, q)-m,ulti-norm. 
over E. The corresponding co-norm on cq iS5 E is || • |P'''''\ 

The rate of growth sequence corresponding to the above (p, q)-multi-norm is 
denoted by {ip'^'''\E)), as in [iTl Definition 4.2]. 

We shall use the following remark, from |1H Proposition 4.3]. Let i^ be a 1- 
complemented subspace of a Banach space E, and take xi, . . . ,Xn G F. Then the 
value of \\{xi, . . . ,a;Ti)||„ ''' is independent of whether it be calculated with respect 
to F or E. 

Let E and F be normed spaces, and take T E B{E,F). Then clearly 

IKTxi, . . . ,Tx„)|||f'«) < IITII ||(a;i, . . . ,x„)||^''' (x^, . . . ,x„ € E, n € N) . 

The following theorem refers to m,ulti-hounded sets in and multi-bounded oper- 
ators on multi- normed spaces; for background information, see |12j . and, in more 
detail, [111 Chapter 6]. For example, the multi-bound of a multi-bounded set B is 
defined by 

CB = sup{||(2;i,...,a;„)||„ : xi, . . . ,Xn G B} . 

riGN 
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Theorem 2.6. Let E be a normed space, and suppose that 1 < p < q < oo. 
Then the {p, q) -multi-norm induces the norm on cq<^E given by embedding cq®E 
into Hq,p{E' , cq). This norm is a uniform CQ-norm on cq ® E. 

Proof. We start by observing that |l2|, Theorem 4.2] shows that the ^"'^-norm 
(that is, the dual multi-norm) on £^ ^ E' norms cq (E) E. The converse is also true, 
so that we have £^ ® E' C {cq (g) E)' , and the embedding is an isometry. 

In [12 , Definition 5.4] , we defined Bp^q {£^,E)tohe the set of those T €B[i^,E) 
which are multi-bounded when we take the minimum multi-norm based on £ ^ and 
the (p, q)-multi-norm based on E. The norm on the space Bp^q{£^,E) is denoted 
by ap^q, so that ap^q{T) is equal to the multi-bound cb of the set B := {T{Sk) ■ 
k € N}. Thus the natural inclusion oi cq (E) E into Bp^q{£^,E) (where we identify 
coE)E with J^{£^,E)) induces the (p, g)-multi-norm on co(E)E. It follows from |12[ 
Proposition 5.5] that T belongs to Bp^q{£^ , E) if and only if the dual operator T' 
belongs to Ilq^p{E',£°"), with equal norms. The combination of these two results 
immediately gives the result. 

It remains to show that the resulting norm is a uniform co-norm. Let T £ 
B{E, F), and consider the operator I ®T : cq®E^ cq (E F. It is easy to see that 
we have the following commutative diagram: 

CQ^E 3^ co®F 



Wq.p{E',C0)—^Wq.p{F',C0). 

Here (/? is the map S" M- S o T' . Since the vertical arrows are isometrics, it suffices 
to show that \\(f\\ < \\T\\ = \\T'\\. But this follows immediately from properties of 
((7,p)-summing maps; see |141 Proposition 10.2]. D 

Remark 2.7. A refinement of the above argument shows that, for each normed 
space E, the (p, (7)-multi-norm based on E' induces the norm on cq (8) E' given by 
embedding cq (E E' into Uq,p{E, cq). 



It follows immediately from Theorem 12.61 and the closed graph theorem that 
the {pi,qi)- and (p2, '72)-niulti-norms are equivalent on E whenever 

^qi.Pli^'i Co) = ^q2.P2iE'i Co) ; 

moreover, cq can be replaced by any infinite-dimensional C(-R')-space. The converse 
is also true; this is a special case of the following theorem. 

Theorem 2.8. Let E be a Banach space, and take pi,qi,p2,q2 such that 1 < 
Pi < 9i < 00 and 1 < P2 < 92 < oo. Suppose that the {pi,qi)- and {p2,q2) -'multi- 
norms are mutually equivalent on E. Then 

n^Lpi {E', F) = Uq2,p2 {E', F) 

for every Banach space F. 

Proof. Let F be a Banach space. It is standard that there is an isometry (p : 
F ^- £°°{I) for some index set /. For each finite subset A C /, let Pa : ^°°(/) ^- cq 
be the projection map 

£°^{L)^£°^{A) c Co. 
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Assume towards a contradiction that we have Ilqj^^p-^{E' ,F) <f. Ilq2,p2{E',F), 
and take T e Hg^.p^ {E' , F)\Ilq2,p2 [E' , F). From the definition of the (q,p)-summing 
norm, we see that 

■^q,p{^) = '^qAf ° T) ^ sup TTq^p{PA O if O T) ] 

A 

here we take the supremum over all finite subsets A <Z F Hence there exists a 
sequence {An) of finite subsets of / such that 

n ■ TTgi ,pi (T„) < ■nq^ ,p2 (T„) (n G N) , 

where r„ := Pa„ o ip o T : E' ^ £°°(A„) C Cq . 

Take n e N. Since T„ e J^iE', cq), the operator T„ is induced by a tensor 
Tn € Co (S E" . Remark 12 . 71 and the previous paragraph then show that 

II 11(^1:91) _ IT \ .^ (T ^ — W ||(P2,<32) 

In fact, since A„ is finite, the tensor r„ can be identified with an element a;„ e 
(i?")™(") for some TO(n) G N. Thus, this shows that the identity operator 



({E 



.ll\m,(n) II ||(pi,<3l)\ ^ ( np'l\'m.{n) n ||(P2,g2~ 
' II ' llm(n) ) ^ \}^ I ' Ir llm(n) 



has norm at least n. By [11[ Corollary 4.14], it follows that the identity operator 

I'^mH II . \\ipy<i^)\ ^ fs'-W II . ll^Pf^^)) 

\ ' II llm(n) y \ 'II llrn(n) J 

has norm at least n. This is true for every ti G N. But this contradicts the 
assumption that the (pi, qi)- and the (p2j 92 )-niulti- norms are equivalent on E. D 

Corollary 2.9. Let E be a Banach space, and suppose that \ < Pi < qi < 00 
and 1 < P2 < 92 < oo- Then the following are equivalent: 

(a) (II • lllf^'^^) : n G N) - (II • ||[f^^«^' : n G N) on E; 

(b)n,,,p,(£;',co) = n,,,p,(£;',co). □ 

4. The (p,p)-multi-norm 

We now give another description of the (p, p)-multi-norni. 

Theorem 2.10. Let E be a normed space. Then the tensor norm on cq ® E 
induced from the [p^p) -multi-norm is the Chevet-Saphar norm dp on cq <8) E. 

Proof. By Theorem 12. 6| the embedding oi cq 1^ E into Ilp{E' , cq) induces 
the (p, p)-multi-norm. By Proposition II. 51 Ilp(E' , cq) agrees isometrically with the 
class of p -integral maps from _B' to cq. By definition, the p -integral norm, ip(T), of 
a map T : E' -^ cq is the norm of the induced functional on E' ^ gt £^ — £^ (E) d' E'- 
Hence the natural map 

{co^EA\-t^''^)^{e'§>d'^E'y 

is an isometry. Since Cq has the metric approximation property and dp is an accessi- 
ble tensor norm, as explained in the introduction, it follows that the || • |p '^ -norm 
on. Co (^ E is just the dp norm, as claimed. D 
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Thus we have another description of the (p,p)-niuhi-norm based on a normed 
space E. The value of this resuh is that it gives an excellent description of the dual 
space to (co (8) i?, || • || ), namely as 

the collection of p' -summing maps from cq to E'; see |23l Proposition 6.11]. The 
maps in Ilpi{co, E') are usually rather well understood. 

In the general case where q > p, yfe can give an abstract description of the dual 
space of (cq (gi i?, || • || ), as [llj §4.1.4], but we lack a good concrete description 
of this dual space, and this means that we are unable to adapt the arguments of 
this section to the more general case. 



5. Relations between (p, (7)-niulti-nornis 

Let -E be a normed space, and consider the above (p, (7)-multi-norms based on 
E, where 1 < p < q < oo. It is clear that, for each fixed p > 1 and qi > q2 > P, 
we have (|| • H^f'"^^) < (|| • |||f''''^), and, for each fixed q > 1 and pi < P2 < q, 
we have (|| • H^"'''^) < (|| • lli^"''^)- Further, it is proved in 11, Theorem 4.4] that 
(II ■ ll„ '^ ) ^ (II • ll„ '"^ ) whenever 1 < p < g < oo, and so (|| • ||Jj ' ') is the maximum 
among these multi- norms; by ([71), it is the maximum multi-norm. 

The following theorem, which follows immediately from Theorem 12.61 and the 
analogous result for ((7,p)-summing operators that is given in [141 Theorem 10.4], 
for example, gives more information about the relations between (p, g)-multinorms. 

To picture the theorem, consider the following. We write T for the extended 
'triangle' given by 

T^{{p,q)e^^:l<p<q}, 
and, for c G [0, 1), we consider the curve 

Cc = Up, g) e T : = c 

I p q 

we have 

r=U{Ce:ce[0,l)}. 

Then the multi-norm (|| • ||„ '' ) increases as we move down a fixed curve Cc^ and it 
increases when we move to a lower point on a curve to the right. 

In the diagram, arrows indicate increasing multi- norms in the ordering <. 
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(1,1) 




Theorem 2.11. Let E be a normed space, and take {pi,qi) and (p2,<Z2) in 
T. Then (II • lli^''"'^) < (II • lllf''"^'^) whenever both l/p2 - Xjqi < 1/pi - l/qi and 
q2 < qi- □ 

It is easy to see that ipn {E) = TTq^p{E') for each normed space E and each 
n G N |11[ Theorem 4.4], and so the foUowing resuh is immediate from Proposition 

[Ql 

Proposition 2.12. Suppose that {p,q) is in T and that n e N. Then: 
(i) (/?„'' (E) < n^''^ for each normed space E; 
(ii) ipn''' (E) = n^'"^ for each infinite- dimensional normed space E whenever 

(iii) ipn'"^ (E) > n^/'^^^/P+^/i for each infinite-dimensional normed space E 
whenever p < 2 ; 

(iv) (/?„ ''^ (^'") — n^''' whenever r > 1 and p > min{r, 2} . D 



In Theorem l3.10[ we shah improve clause (iv) of the above proposition by giving 
(asymptotic) values of ipn'"^ {i^) for all values of p and q with l<p<g<ooin 
the case where r > 1. 

Corollary 2.13. Let E be an infinite- dimensional Banach space, and take 
{pi,qi) and {p2,q2) in T- Then the {pi,qi)- and {p2,q2) -multi-norms based on E 
are not equivalent whenever pi,P2 > 2 and qi ^ q2. □ 

Combining the previous proposition with Theorem 12. 11[ we obtain the follow- 
ing. 

Corollary 2.14. Let E be an infinite- dimensional Banach space. Suppose 
that (p, q) is in T ■ 

(i) The {p,q)- and the maximum multi-norms based on E are not equivalent 
whenever q > 2. 
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(ii ) The {p,q)- and the minimum m,ulti-norms based on E are not equivalent 
whenever 1/p — 1/q < 1/2. 

Proof, (i) Takepi e {2,q). Then 

(|,.||(p..))<(||.||fe.P.))<(||.||(^2,2))^ 

However, (|| • H^^''*''^) ^ (|| • |||,^'^^) on E by Proposition [2ll2i;ii), and so this imphes 
that(|!.|!:r'))^(||.|i:non£;. 

(ii) This fohows from Proposition 12. 121 D 

We shall compare the (p, q)-muhi-norms on L^{n), and, when r > 1, we shall 
compute ifn {i^) asymptotically for all other values of p and q later. For these 
calculations, we shall need to use the following proposition, which is an immediate 
consequence of Proposition II .41 

Proposition 2.15. Let E he a normed space. Suppose that l<p<qi<q< 
q2 < oo, so that 

1 1-6 9 



q qi 92 

for som,e d (0, 1). Then 

The following calculations of some specific (p, (7)-multi-norms will also be useful. 
Example 2.16. Let r > 1, set s = r', and take (p, q) e T. Then 

n n 

II ._ CO "A) {• II ._ -i-iij.p^'- I CO; 

for each ti e N, where /„ is the formal identity map from £^ to £^. Here we are 
now writing (Si) and (ci) for the standard bases in ^'' and cq, respectively. 

The value of |j(<5i, . . . , ^n)||„ '' based on the Banach space i^ is calculated for 
certain values of p and q in [111 Example 4.8]. We now calculate this value for all 
{p, g) G T by elementary means. 

Fix rt G N, and, for {p, q) G T, write 

(8) A„(p,g) = ||(<5i,...,J„)ll!r^ 
Set s — r' and u = p' . Then 

A„(p,g) = sup<f I ^|A,,i|' I : Ai,...,A„ G ^*, Aip,n(Ai,...,A„) < 1 > , 

and so, using ((21), we see that 

(9) A„(p,g) = sup J \J2 \K^n ■■ (A^,,)",=i G S(C,^:)[i] 

We now use [211 Proposition I.e. 8], which states the following: Suppose that a 
matrix {K,j)^j=i defines a contraction from £" to i^. Then the 'diagonal' operator 
obtained by setting all the off-diagonal terms of our matrix to also defines a 
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contraction between the same spaces. As the sum in ^ involves only the terms 
Xij with J = i, we see that we can make this change without changing the value of 
A„ (p, q) , and thus we can say that 

A^(p,q)=sup{\\a\\,: i^„ G S(C, ^^)[l]} , 

where D^x = (aixi, . . . , anXn) for each a,x £ C". 
We claim that 

{•n}''^ when u < s , 

^i/q+i/u-i/s ^Yien u > s and l/q + 1/u > 1/s , 
1 when l/g + 1/m < 1/s. 

Indeed, suppose first that u > s. Then there exists t > 1 such that 1/s = 
l/u + 1/t. Let a = (ai, . . . ,a„) £ C". A version of Holder's inequality implies that 

(n \ I/''- / n \ i/t / „ \ 1/" 

EK^^rj <(Ei"'n (Ei-»r) 

for every (xi) £ i^- Moreover, equality is attained for a suitable choice of (xi), and 
so we see that 

Thus the problem now is to compute 

A„(p,g) = sup{||a||q: a £ {£n)[i]} ■ 

li t > q, the supremum occurs when a ~ (ai) is the constant sequence (n"^'*), in 
which case we obtain 

/ n \ 1/9 

If ^ ^ ^i the supremum occurs at a point mass, in which case we obtain ||Q;||g = 1. 
Finally, suppose that u < s. Then we see that 

(n \ i/'s / „ \ 1/" / „ \ i/« 

^la^Xil'j <fEl'^''^ir) < ll"lloo f El^'l") 

and equality occurs when (xi, . . . , Xn) is a point mass. Thus 

ll^a:C^^'JI = ll«lloo (aeC"). 

It follows that 

A„(p,g) = sup{||«||,: a e (£^)[i]} = ni/« . 

This establishes the claim. 

We conclude as follows. Suppose that r > 1 and (p, q) £ T ■ Then the (p, q)- 
multi-norm based on £'' satisfies the following equation for each n £ N: 

^i/r+i/9-i/p ^jjgj^ p < r and 1/p - l/q < 1/r, 
1 when 1/p — 1/(7 > l/r, 

Tji' ' when p > r . 



(10) ii(<^i,...,Mii!r^ = < 
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We can also write the above formula more concisely as follows: 

||(<5i,...,5„)|||f ■")=«" (neN), 
where 

Here, x^ = max {x, 0} for each a; G M. 



D 



Example 2.17. Suppose that r > 1 and {p,q) G T. Set s = r' and u = p', as 
before. 

Fix n G N. For i G N„, take 



1 " 1 



,r™,o,o,...)Gr, 



j=i 



where C = exp(27ri/n), so that ||/i||^r = 1 (J G N„), and then set / = (/i, ...,/„ 
Next take A = (Ai, . . . , A„), where 

n 



Note that 



(11) 



Ei(/-^» 



i/« 



,1 + 1/9-l/r 



We take Ci, • • ■ , C™ € C with ^^^ IGI" < 1, and set z, = ^J^, CjC' (* ^ N„), 
so that 



^|z^|2 =„E|C,|^ and 






ECiA' 



Ei-^r 



Now suppose that r > 2, so that 1 < s < 2. 

In the case where p > 2, so that u < 2, we have J27=i ICd ^ 127=1 iCil" — 1' 
and so 



Aip 



l/s / " \ 



Hence, by pi]) . 



> ^ r^ — 71* 



„l/r+l/s 



In the case where 1 < p < 2, so that m > 2, we have 



1/2 



7,1/2 



1/u 



Eicdl ^fiAT Eic^l ^"^/^-^^"^ 



^j=i 



and so 



lA 



1/2 



Aip,n(A)<--jy^ El^'l' ^ 



l/2+l/s-l/« 



Vi=l 
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Hence, again by ([TT|) . 

||^||(p,q) ^ '"•' "' "* _ „l/2-l/p+l/g 



7l72+l/s + l/r 



(12) ii/iilr' > <; 



It is always true that ||/|||f'''' > 1. 

We conclude that, in the case where r > 2, we have the following estimates, 
which hold for each n G N: 

■ j^i/2-i/p+i/q ^j^pj^ 1 < p < 2 and 1/p - 1/q < 1/2 , 

1 when 1/p - l/q > 1/2 , 

n^/i when p > 2 . 

We shall see from Theorem 13. 10[ given below, that ||/||,j '"^ is always equal to 
the term on the right-hand side of p2[) to within a constant independent of n. D 



6. The standard t-multi-norm on L''-spaces 

Let (ri,/x) be a measure space, take r > 1, and suppose that r < t < oo. In [111 
§4.2] and |12i §6], there is a definition and discussion of the standard t -multi-norm 
on the Banach space L''(0). We recall the definition. 

Take n G N. For each ordered partition X = {Xi, . . . , Xn) of fl into measurable 
subsets and each /i, . . . , /„ e L^{^), we define 



rx((/i,...,/„)) = (Ell^^«/^l 



t^i/' 



j=i 



Here Pxi : / H' / | X^ is the projection of U'{il) onto L^{Xi), and || • || is the 
L''-norm. Then we define 

||(/i,...,/„)|lL" = sup rx ((/!,...,/„)), 

X 

where the supremum is taken over all such measurable ordered partitions X. 

As in |11[ §4.2.1], we see that (|| • ||„ : n g N) is a multi-norm based on L''(f7); 
it is the standard t -multi-norm on i'"(f2). 

Clearly the norms || • ||^ decrease as a function of i G [r, oo), and so the maxi- 
mum among these norms is || • \\^ . 

For example, by |11[ (4.9)], we have 

ll(/i,---,/n)llI? = (ll/i||* + --- + ll./«ir)'^* inen) 
whenever /i, . . . , /« in L^(fl) have pairwise disjoint supports, and, in particular, 

||(<5i,...,<5„)||W=nV* („^eN). 

As remarked in [llj . it appears that the definition of the standard t -multi- 
norm depends on the concrete representation of the space L''(0). However, in |111 
§4.2.8], there is a definition of an 'abstract i -multi-norm based on a cr-Dedekind 
complete Banach lattice E\ and it is shown in [IV, Theorem 4.36] that the standard 
t -multi- norm based on a Banach lattice L''(S7) depends on only the norm and the 
lattice structure of the space. For a related result, see |111 Theorem 4.40]. 



1/r 
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The rate of growth of the standard i-multi-norm based on L'"(il) is denoted by 
ipn{U'{fl)), as in [111 Definition 4.21]. In fact, it is easily seen that 

(13) <^[*l(L'-(f7))=ni/* 

for every infinite-dimensional L''(f7)-space. 
In the special case where t = r, we have 

(14) ll(/l,-.-,/n)lll:'=(/^(l/l|V---V|/„|)'-) 

for n G N and elements /i, . . . , /„ S L^{^)', this is equation (4.12) in [11]. 

For a Banach space E and r > 1, the space U'{Q.,E) consists of (equivalence 
classes of) /i-measurable functions F : il ^ E such that the function s i— > ||i^(s)|| 
on n, belongs to the space LP{rt); with respect to the norm || • || specified by 

\\F\\ = (^JjF{s)f df,{s)^ ' (^e^'"(^'^))' 

the space U'{Vl,E) is a Banach space. The tensor product ^{^1) (g) E can be 
identified with a dense subspace of ^'"(^2, E). Indeed, f®x G U'{Vl)®E corresponds 
to the function s ^ f{s)x. See [HI Chapter 7] and [lH §2.3]. 

Now take n e N and /i, . . . , /„ € U'{^). Then (/i, . . . , /„) corresponds to the 
element Y^^=i 5i® fi'm. cq® L^{^), and hence to the function 






s^2^Ms)S, e L'"(fi, Co), 

1=1 

and its norm in L^{fl, cq) is exactly ||(/i, . . . , /„)||„ by equation p^ . 

Thus, in the case where t = r, we can regard the standard r -multi-norm on 
V{il.) simply as that given by the embedding of cq (8 U'ifl) in L''(r2, cq). 

There seems to be no similarly useful representation of the standard t -multi- 
norm on L^(D,) in the case where t > r. 

7. The Hilbert multi-norm 

We now recall an alternative description of the (2, 2)-multi-norm based on a Hilbert 
space. This involves the Hilbert multi-norm that was introduced in |11' §4.1.5]. 

Let iJ be a Hilbert space, with inner-product denoted by [ • , • ]. For n e N, we 
write 

when Hi, ... , iJ„ are pairwise-orthogonal (closed) subspaces of H. 

Take n e N. For each family H = {Hi, ..., H„} such that H ^ Hi®±- ■■ Q± 
Hn, we set 

rjf((xi,...,x„)) = f lJFia;il|^ H h ||P„a;„ln = \\PiXi -\ \- PnXnW 

for xi,. . . ,Xn e H, where Pi : H ^ Hi is the orthogonal projection for i e N„. 
Then we set 

H 
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where the supremum is taken over all orthogonal decompositions H oi H . As in 
[111 Theorem 4.15], (|| • ||„ : n e N) is a multi-norm based on H; it is called the 
Hubert multi-norm. 

The following result is [llj Theorem 4.19]. 

Theorem 2.18. Let H be a Hilbert space. Then (|| • ||^) = (|| • ||i^'^^). □ 

8. Relations between multi- norms 

In this subsection, we shall first summarize some results about the relationships 
between multi-norms that were already established in |llj . 

Theorem 2.19. Let E be a normed space. Then (|j • |j^^'^^) = (|| • ||^''''). 
Proof. This is [HI Theorem 4.6]. D 

Theorem 2.20. Take r.t with 1 < r < t < oo, and let fl be a measure space. 
Then 

(||.||[:i)<(||.||^*') on nn). 

Moreover, when r — 1, these two multi-norms are equal on L^lTt) whenever t S 

[l,oo). Further, iW ■C) = {\\-\C^'') on L^ in). 

Proof. This combines TT, Theorems 4.22, 4.23, and 4.26]. D 

By (|13l) . different standard t- multi-norms on an infinite-dimensional L''(f2) 
space are not equivalent to each other, and they are never equivalent to the min- 
imum multi- norm; we shall see in Theorem 13.221 that they are never equivalent to 
the maximum multi-norm. 

Theorem 2.21. Take r > 1, and suppose that r <t < cxd. Suppose that either 
2 < r < t or that 1 < r < 2 and r < t < r/(2 — r). Then the multi-norms 
(II ■ nil : n € N) and (|| • \\^^^'' . n G N) based on i"^ are not equivalent. 

Proof. This is 11, Theorem 4.27]. D 

We shall extend and complement the above results in the present memoir. 



CHAPTER 3 



Comparing {p, g)-niulti-nornis on U' spaces 



In this section, we aspire to determine when two {p, (7)-niulti-nornis based on a 
space L^(Cl) are equivalent; we shall obtain a reasonably complete classification, 
but cannot give a fully comprehensive account. 

1. The case where r = 1 

In this section, wc investigate the equivalence of various (p, (7)-multi- norms on spaces 
of the form L^{n). 

By ExamplelUa (|| • |||f''''^) is not equivalent to (|| • Hlf''"^"^) on L\n) when- 
ever L^{Q) is infinite dimensional and qi ^ q^ because A„(p, q) = in}''^ (n G N) for 
each [p, q) e T, in the notation of that example; it remains to investigate the case 
where gi =92- 

The following result is [121 Theorem 5.6]. It is also a consequence of Theo- 
rem [511] and the corresponding result in [141 Theorem 10.9]. 

Theorem 3.1. Let ft be a measure space, and take p,q,s G M with I < p < 
q < s < 00. Then 



\[r^) = i\\-\t''^)>i\\-\\ir^) on L\n). 



D 



The following result shows that the condition 'p < q' in the above theorem is 
sharp. Note also that 

\\{S„...,6^)\t^'^ = \\{S„...,6^)\t'^^ (=nV.) (neN), 

for q > I, and so the above equation is not sufficient to enforce the non-equivalence 

of(||.||i''-'))and(||.|lii-^)). 

Theorem 3.2. Let il be a measure space such that L^{i^) is infinite dimen- 
szonal Take q > 1. Then (|| • ||i''')) > (|1 • f-"^), but (|| • \t'^^) ^ (|1 • |li^'')) on 

L^n). 

Proof. First, suppose that our multi-norms are based on £^. 

Take n G N, and let /„ be the identity map from £^ to the Lorentz space £^'^. 
A calculation of Montgomery-Smith 122] (see [9] for a statement of this example) 
shows that 

7Tg,g{Ln) ^ n^^'^{l + logn)i-i/« , ^,,i(/„) ^ n'/" . 

For each n € N, we can find m = ni{n) G N, with m{n) > n, and an operator 

^n ■■ n^' ^ C(„) With 



-)\\x\U,i<\\M^)l^<M,,i (^eC). 

n J 
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Let p„ : £°° — >■ £^ be the natural projection, and define 

^" = ;^^" o /„ o p„ : £°" ^ Q„) C Co . 
From the definition of the ((7,p)-sumniing norm, it follows that 

whenever I < p < q < oo. In particular, 7rg^i(T'„) ~ 1, but 7rg^q(r„) ~ (1 + 
logn)i-i/«. 

Since r„ — Tn o p„, we see that r„ is the image of 

n 

Xn := ^r„(ei) 0(5, 
1=1 

via the natural inclusion cq (E) £^ ^-> B{£°°, cq). The previous paragraph and The- 
orem [^jB] imply that 

lk»lll:i.-l' but ||.„||(^^;',,^(l + logn)i-V.. 

Hence (||.||i''''))^(||.||(^^)) on ^^ 

For a general measure space $7, the result follows from Theorem ll.il D 

We summarize the situation for (p, (7)-multi-norms based on L^{Q,). In this 
special case, we have a full solution to the question of equivalences. 

Theorem 3.3. Let ft be a measure space such that L^{fl) is infinite dim- 
ensional, and suppose that (pi,gi), (^2,92) G T 

(i) Suppose that (72 > Qi- Then (|| • ||„ ^'"^ ) Ij= (|| • ||„ ^'"^^ )j o,nd these multi- 
norms are not equivalent on L^{Q,). 

(ii) Suppose that q2 = Qi = q and P2 > Pi- Then (|| • H^^^'^)) > (|| • Hi^^'"^^); 
these multi-norms are equivalent on L^{n) when also p2 < q, hut they are 
not equivalent to (|| • ||„ '"^ ). □ 

Corollary 3.4. Let il be a measure space such that L^{n) is infinite dimen- 
sional, and suppose that {p,q) G T. Then the (ji,q) -multi-norm on L^(ft) is not 
equivalent to the minimum multi-norm, and it is equivalent to the maximum multi- 
norm if and only if p = q = 1, in which case, it is actually equal to the maximum 
multi-norm. D 



2. The case where r > 1 

In this case, it is more difficult to determine when the (p, (7)-multi-norms are 
equivalent on L'"(f2). 

Throughout we suppose that L^{n) is infinite dimensional. 

In this section, it is convenient to continue to use the earlier notation Cc for the 
curve 

C,^i{p,q)er:---=c] 

I p q } 

whenever c e [0, 1). This curve is contained in the triangle T. 
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We shall consider points Pi and P2 in T, and shall say 'Pi and P2 are equivalent 
(respectively, not equivalent) on £" to mean that the multi-norms (|| • ||„ ^'"^^ ) and 
(II ■ llrf^ ''^ ) based on a Banach space E are equivalent (respectively, not equivalent). 

The first result, which shows that various pairs of multi-norms are not equiv- 
alent, follows directly from Proposition [2A2] and the calculation given in Example 
12.161 Indeed, (i) follows from Proposition l2.12r iv) and (ii)-(iv) follow from equation 

(nui). 



Proposition 3.5. Let fl be a measure space, and take r > I. Then two points 
Pi G Cci and P2 G Cc2 are not equivalent on L^{D,) in the following cases: 
(i) Pi,P2 > min{r, 2}, and qi ^ q2; 
(ii) pi,p2 < r, min{ci,C2} < l/r, and ci ^ C2; 
(iii) Pi "^^ r < P2, and 



(iv) Pi> r > p2, and 



r 


Pi 91 92 


1 
r 


P2 92 91 



D 



We now concentrate on the (p,p)-multi-norms and the maximum multi-norm 
on Ui^). 

Let _E be a normed space. We recall that it follows from Theorem 12 . 101 that the 
dual space oi{co®E, \\ ■ H'-^'^') is np'(co,i?'); the dual of the maximum multi-norm, 
identified with (cq ®E,\\- ||^), is B{ca,E'). 

Proposition 3.6. Let fl be a measure space. Suppose that 

either l<p<2<r<oo or 1 < p < r < 2 . 

Then (|| • ||„ '^ ) is equivalent to (|| • H^^^'^) on L^{fl). 

Proof. In the case where l<p<2<r< 00, so that r' e (1,2], we 
use |14l Theorem 3.7], which tells us that every operator T : cq —^ L"^ (il) is 2- 
summing, with Tr2{T) < -ft'cllrjl, where Kq is the Grothendieck constant. Since 
112(00, i?) C Ilpi{co, E) is a norm-decreasing inclusion (for any Banach space E), 
we conclude that 

(CO ® r(f]), II • ||(^^^')' = np,{co,L^'{n)) = Bico,L^'{n)) = (co ® r(f]), || • \ri', 

which gives the result. 

Similarly, in the case where l<p<r<2, so that r' > 2, we appeal to 

[14|, Corollary 10.10], which shows in particular that we have Ilp'{co,L^ (il)) = 

B(co,i'''(f^)). The resuh follows. D 

Proposition 3.7. Let Q be a measure space such that L^(fl) is infinite dimen- 
sional. Suppose that 1 <r < 2. Then (|| • Hn'*" ) ^ (|| • W^^^) on L^{n). 

Proof. Here we appeal to |201 Theorem 7, clause 2], which, using an exam- 
ple of Schwartz [24], shows that 11^(00,^") 7^ i3(co,^*) for s > 2. The required 
conclusion follows. D 
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Thus we have a complete classification of the (p, p)-niulti-nornis on L''(f2) into 
equivalence classes, summarized in the following theorem. 

Theorem 3.8. Let Q be a measure space such that U'^fl) is infinite dimen- 
sional, where r > 1. Set r = min{2, r}. Then: 

(i) (||-||[f''^^)^ dl-lllf'^^) onL'-in) whenever p,q>r and p^q; 
(ii) (II . IJ^P'P)) ^ (II . 11;;^^'=) on U(n) whenever p> r; 

(iii) (II • lli"'"^) - (II • lir") o" ^"(^) whenever l<p<r; 

(iv) (l|-||^'^)-(l|-|i:nonL'-(f]); 

(v) ifl<r< 2, then r^r and (|| • H^^'''^) ^ (|| • ||;^°^'') on U'{Vl); 

(vi) ifr>2, then r ^2 and (|| • |||f'^^) ?^ (|| • HJ"'"'') onLr{n). 

Proof. Notice that (ii) follows by applying (i) with q — r and (iv) is just a 
special case of Theorem 12.191 D 



3. The role of Orlicz's theorem 

We shall now determine when the (p, g)-multi-norm based on L''{Q) is equiva- 
lent to the minimum multi-norm. For this, we shall need a form of Orlicz's theo- 
rem. Indeed, a generalization of Orlicz's theorem given in |14[ Theorem 10.7] shows 
that, for each s G [l,oo), the identity operator on L*(f7) is (s, 1) -summing, where 
s := max{s,2}. In the case where s = 2, so that s — 2 also, the (2, l)-summing 
norm of the identity operator on iy^(f2) is equal to 1. 

Now suppose that r > 1, and again set f = min {2, r}. Set s — r' , the conjugate 
of r, so that 

s — max{s, 2} — f . 
Then, since the identity operator on L*(ri) belongs to n5,i(L*(ri)), we obtain 

B{L%n),F) = nsAL'm,F) 

for each Banach space F; in the case where r = 2, we have equality of the norms 
as well. 

It follows from Theorem 12.61 that the tensor norm on cq <E) L''(J1) induced from 
the (1, f ')-niulti-norm is equivalent to the injective tensor norm, which is induced 
by S(L*(r2), Co). That is, the (l,f')- and the minimum multi-norms on U'^fl) are 
equivalent. This and Theorem 12.111 implv the following. 

Theorem 3.9. Let Q be a measure space, take r > 1, and set f := min{r, 2}. 
Suppose that I < p < q < 00. Then (|| • ||,j '"^ ) = (|| • ||""") on L^{n) whenever 
1/p — 1/q > 1/f. Moreover (|| • ||„ '"^ ) — (|| • ||™'") on L^{n) whenever 1/p — 1/q > 
1/2. D 
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4. Asymptotic estimates 

The next stage of our analysis is to give a complete asymptotic estimate for 
fn'"^ (i^) for all relevant values oip,q when r > 1. 

Theorem 3.10. Let Q be a measure space such that L'^{Q) is infinite dimen- 
sional, where r > 1. Set f — niin {r, 2}, and suppose that 1 < p < q < oo. Then: 

(i) (y?!^'''^ {U'{^)) - 1 when l/p- l/q > l/f; 

(ii) (f'^''^^ [L^'in]) = n'I'i when p > f; 

(iii) </?(f^«) (L^'in)) - n^/^-^/P+^/'^ when l/p- l/q < l/f and p < f. 
In the case where r = 2, all three estimates are actual equalities. 

Proof. Statements (i) and (ii) follow from Theorem l3.9l and Proposition l2 . 12r iv) . 
respectively. 

(iii) Suppose now that l/p — l/q < l/f and that p < f. Again, we need to 
consider only the space i^. By Proposition 12. 12f iii) (when r > 2) or by Example 
12.161 (when r < 2) , we see that 



^^ 



iP:<l)l 



"■) > ni/*^-i/P+i/« (neN), 



When q = p, we know by Theorem 13. Sf iii) that (|| • ||„ '^ ) = (|| ■ ||™^^), and so 

by |111 Theorem 3.54]. Thus we need to consider only the case where q > p. 

Set qi — p and 172 = pf/{f — p), so that l/p — 1/(72 = 1/r. We also see that 
qi < q < q2, and SO 

1 1-61 e 
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where d — r (l/p— l/q). Using Proposition l2.151 we deduce from (i) and the previous 
paragraph that 

for all n € N, where Cr is a constant depending only on r; when r — 2, this constant 
can be taken to be 1. 

This completes the proof. D 

We now obtain the following asymptotic estimates, where / is as in Example 
12.171 and the multi-norm is calculated with respect to £'', where r > 2: 

„i/2-i/p+i/q ^]^^^ 1 < p < 2 and l/p - l/q < 1/2 , 



(15) 11/11^'^ 



1 when l/p - l/q > 1/2 , 

n^/i when p > 2 . 



It is interesting to see where the maximum rate of growth is attained. Indeed, 
suppose that (p, q) E T and we are considering the rate of growth of the (p, q)- 
multi-norm on f, where r > 1. Then it follows from equation (jlOp in Example 
[136] that 

<^(f'«)(r)^ 11(^1,..., Mll^«) when r<2 
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and from equation (|T2|) in Example 12 . 1 71 that 

^lrHn-\\{fi,---Jn)\\[r^ when r>2, 
where, for i G N„, we are setting 



1 " 
Thus the maximum rate of growth is attained at either (Si, . . . ,Sn) or at (/i, ...,/„). 



5. Classification theorem 

We now give our main classification result obtained in the case where r > 1. 
For this, let us modify the curves Cc to obtain curves 2?c for < c < 1 as follows. 
Set r — min{2, r}. 

(i) The case where c £ [1/r, 1): Set T>c = Cc- 

(ii) The case where c S [0,1/r): Set Uc ~ r/{l — cr), so that Cc meets the 
vertical line p = r at (r, Uc). Set 

Vc^{{p,q)eCc:pe [l,r]}U{{p,Uc):pe [r,Uc]} . 

Thus Vc agrees with Cc on the interval [l,r] and is the horizontal line 
g = Uc on the interval [r, Mc]- In the case where r < 2 and c e (1/2, 1/r), 
the point at which the line q — Uc meets the curve C1/2 is denoted by Xc, 
so that r < Xc < 2. 

Note that T>o is the diagonal line segment {{p,p)- I < p < r}. 

(iii) The case where c g [1/r, 1/2) (which only occurs when r > 2): Set Vc = 
2/(1 — 2c), so that Cc meets the vertical line p = 2 at (2,Wc), and set 
Wc '■— rvc/{r — Vc), so that the horizontal line q = Vc meets the curve Ci/r 
at (wc,Vc)- Set 

Vc = {{p, q)eCc:pe [1, 2]} U {{p, Vc):pe [2, Wc]} . 

Thus Vc agrees with the old curve Cc on the interval [1,2], and then it 
becomes the horizontal line q = Vc until this line meets the curve Ci/^., at 
which point it terminates. Note that Vi/,. is the curve Ci/r restricted to 
the interval [1, 2]. 

Note that IJ {Vc'. 0<c<l} = T- Note also that, unlike the curves Cc, the 
curves Vc depend on the value of r. The case where r > 2 is illustrated in the 
diagram, in which we present in bold the curves Vc when c > 1/2, when c e 
(1/r, 1/2), when c = 1/r, when c G (0, l/r), and when c = 0. 
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(1,1) 



Theorem 3.11. Take r > 1, let Cl be a measure space such that L''(J7) is 
infinite dimensional, and set f — min{2,r}. Take ci,C2 G [0,1), and consider 
points Pi e I?ci cind P2 G I?C2 ; respectively. 

(i) Suppose that ci,C2 G [1/f, 1). Then Pi and P2 are equivalent (and the 
corresponding (p,q) -multi-norms are equivalent to the minimum multi- 
norm) on L^(fl). 

(ii) Suppose that ci G [1/f, 1) and C2 G [0,1/f). Then Pi and P2 are not 
equivalent on L''(f2). 

(iii) Suppose that Ci,C2 G [0, 1/f) and that Ci =/= C2. Then Pi and P2 are not 
equivalent on L'"(f2). 



Proof. Clause (i) follows from Theorem 13. 9[ whereas (ii) follows from Theo- 
rem ETUI 

It remains to prove clause (iii). For this, we suppose that ci,C2 G [0, 1/f) and 
that ci 7^ C2. 

Assume towards a contradiction that Pi and P2 are equivalent on L''(f2). 

Case 1: pi,P2 < r. In this case, the desired contradiction follows from Theorem 
I3.10r iii). noting that Pi G C^ for both i = 1 and i = 2 in this case. 

Case 2: pi,P2 > r. In this case, we must have qi 



q2 by Theorem 13.10^ 11) . 
From the definition of the curves Dc, this can happen (with ci 7^ C2) only when 
min{pi,p2} < T, and so r > 2, and min{ci, 02} < 1/r. In particular, we must have 
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f — 2. By Proposition 13. Sf i). we must have niax{pi,p2} > r. Thus, without loss 
of generahty, suppose that pi > r > p2 > 2. Proposition I3.5( iv) then imphes that 

1 1 11 

r P2 92 91 ' 
Since qi — q2, this imphes that p2 — r, a contradiction. 

It remains to consider the case where pi < f < p2', the case where pi > f > p2 
is deah with similarly. We divide this case further into the following two cases. 

Case 3: r < 2, so that f — r, and pi < r < p2- In this case, it follows from either 
Theorem 13. lOl or Proposition 13.5^ 111) that 

1 1 11 

r Pi qi 92 ' 

This implies first that (r, ^2) G Cci H 2?ci, and then that (^2,92) G ^ci by the 

definition of 2?ci , a contradiction of the assumption that ci 7^ C2 . 

Case 4: t > 2, so that f = 2, and pi < 2 < p2- In this case, it follows from Theorem 

[alio] that 

1 1 11 

2 Pi 9i 92 ' 

This implies that (2,^2) G Cci H 2?ci- So it follows from the definition of Pc and 
the assumption that {p2, 92) ^ 2?ci that C2 < l/r. By Proposition I3.5( i) . we deduce 
that p2 > r. But then Proposition 13.5( 111') implies that 

1 1 11 
r Pi 91 92 ' 
and so r = 2, again a contradiction. 

This concludes the proof of the theorem. D 



6. The role of Khintchine's inequalities 

The previous theorem reduces our problem to that of determining the equiva- 
lence of two points Pi and P2 lying on the same curve Vc, where c G [1, 1/r). For 
further progress, we shall use Khintchine's inequalities, for which see [171 Chapter 
12], for example. 

Let n G N. We shall consider (cij) to be a fixed n x 2" matrix with entries 
in {—1,1} such that its 2" columns range over all possible choices of n-tuples of 
±1. The Khintchine inequality tells us that, for each r > 1, there exist constants 
Ar, Br > 0, depending only on r (but not on n), such that 

l/r 
/n \-/" / -. z ' n ' \ 





for every ai, . . . , a„ G C and every n e N. These constants are those specified in 
the next lemma. 

Lemma 3.12. Let r > \, and take n G N. Then there exists a linear monomor- 
phism Rn : ^ ^j — > i"" such that 

-^ ||(X1, . . . ,X„)||^'') < ||(i?„Xi, . . . , RnXn)]^^ < Br |l(xi, . . . , :E„) |1 ^^^'^ 
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whenever 1 < p < q < oo and xi, . . . ,Xn ^ in- 

Proof. Set s = r' , the conjugate index to r, so that 1 < s < oo. For each 

i e N„, set 

9^ =" ^;i77(e«,i>---:e»,2",0,0,...) e £'' and (p, ^ -^^{e^A, ■ ■ ■ ,e^^2'-,0,0, . . .) e i' 

The maps Si i— >■ gi and Si i— > (^j extend hnearly to Unear operators R : i^ -^ f and 
5 : f^ — > €*, respectively. Moreover, by the Khintchine inequality, we see that 

Ar\\x\\g2 <\\Rx\\gr < Br\\x\\f^2 and A^ ||x||^2 < H^xH^, < B^ ||a;||^2 {x e £„) , 

so that, in particular, both R and S are linear mononiorphisms. We see also that 

{Rx,Sy)^{x,y) {x,ye£l), 

where we identify {£„)' — C-n in an obvious manner. 

Take p,q £ T and take xi, . . . ,Xn G ^^. We then see that 

\\(Rx,,...,Rx^)\t''^ 

{/ n \ 1/9 

^ |(i?a:;i, Ai)!'' : Ai, . . . , A„ e ^'', /Xj,,„(Ai, . . . , A„) < 1 

{/ n \ i/<? 

i^\{x,,R'\,)\'^] : Ai,...,A„ e^^ Aip,«(Ai,...,A„) < 1 

r/„ \i/9 

< supM ^|(a;,,yi)N : yi, . . • , J/„ € ^^, Aip,«(2;i, • • • , yn) < -S,. 

= B,.||(.xi,...,x„)||^^'. 
On the other hand, from the first equation above, we also see that 

\\{Rx,,...,Rx^)\t'^ 

( / n \ 1/9 

> sup< I ^|(i?a;i,5'j/j)n : yi, . . . ,yn e il, fip,n{yi, ■ ■ ■ ,yn) < l/Bs 

{/ n \ 1/9 

I X!l^^*'^*''n • yi'---'^" ^ ^n' Aip,«(2;i,---,yn) < l/Ss 

= -L||(,,,...,,„)||(f«). 

Thus, setting i?„ := i?, we obtain the desired operator. D 



Theorem 3.13. Suppose that (pi, gi), (p2, 92) G T. Assume that the (pi^qi)- 
and {p2Tq2) -multi-norms are not equivalent on l"^ . Then, for every r > 1, the 
{pi,qi)- and {p2,q2) -multi-norms are not equivalent on i^. 
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Proof. Take r > 1. Without loss of generality, by the assumption, we see that 
there exist a sequence (an) in (0, oo) with a„ /* oo and a sequence (a;„) where, for 
each n e N, a;„ = {xn.i, ■ ■ ■ ,Xn,n) G (^^)", such that 

II \Xn.l 7 • • • J Xyi_ri) llyj ^ C^n \\ \Xn^l 5 ■ ■ • ? Xji^n) || ^^ 

It is obvious that we may consider a;„^i, . . . ,a;„_„ as belonging to •^^. Now set 
Vn.i — RnXn.i for cach i € N„, where i?„ is the map defined in the previous lemma. 
We then obtain, for each n E N, a tuple (j/n,i, . . . , yn.n) G (^'')" such that 

\\(V 1 V l||(Pl'«l) > "" \\(y , w )\\iP2.12) 

Thus (II • Wi^'''^'^) and (|| • |||f''''^) are not equivalent on £''. This completes the 
proof. D 

Corollary 3.14. Let (pi,gi), (^2,92) e T. Suppose that Uq^^p^{£'^,F) ^ 
11(32 ,P2 (^ ^ J ^) /o'^ some Banach space F. Then, for each r > 1, the {pi,qi)- and 
{p2,q2)-niulti-norms are not equivalent on i^. 



Proof. This follows from the previous theorem and Theorem 12.81 using the 
Riesz representation theorem. D 



7. Final classification 



Theorem 13.131 suggests that we study more closely the spaces Ilq^p{H), where 
iJ is a Hilbert space, and this we shall do to obtain the final classification that we 
can achieve. 

We first state some results that identify Ilq^p{H). Clause (i) of the following 
theorem combines Corollaries 3.16 and 4.13 of [14] . and the remaining clauses are 
stated on page 207 of |14j . In fact, clauses (ii) and (iii) of the following theorem 
originate in |19[ Theorem 2] (where this result is attributed to Mitjagin), and (iv) 
is from [5] and [6l Theorem 3]. Recall that Sr{H) and S2q/p q{H) were defined in 

m 

Theorem 3.15. Let H he a Hilbert space, and take {p,q) € 7". 

(i) Suppose that p ^ q. Then Hp{H) = 112 (i/) = S2{H). 
(ii) Suppose that p < 2 and l/p— l/q < 1/2. Then Ilqp{H) = Sr{H), where 

l/r = l/q-l/p+l/2. 

(iii) Suppose that 1/p-l/q > 1/2. Then Uq^p{H) = B{H). 

(iv) Suppose that 2 < p < q < 00. Then Ilq_p{H) = S2q/p^q{H). D 

In connection with clause (i), we note that the exact constants that determine 
the relations between the TTp -norm and the 1^2 -norm on (real and complex) Hilbert 
spaces of various dimensions are calculated in 15 . 

Recall that the point Xc € (j', Mc) was defined on page [Ml 

Theorem 3.16. Take r S (1,2), and let fl be a measure space such that L^{n) 
is infinite dimensional. Suppose that two distinct points Pi — {pi,qi) and P2 = 
(P2,<?2) in T are equivalent on L^(fl). Then one of the following cases must occur. 



7. FINAL CLASSIFICATION 39 

(i) The points Pi and P2 both lie in the region 

{{p,q)eT:llp-llq>l/r}- 

in this case, the {p,q) -multi-norms corresponding to points in this region 
are all equivalent to the minimum multi-norm on L''{Q). 

(ii) The points Pi and P2 both lie on the same curve {{p, q) (z Vc'- l/p — l/q > 1/2} 

for some c G [1/2, l/r). Further, pi,P2 & [l,2:c]- 
(iii) The points Pi and P2 both lie on the same curve {{p,q) (z Cc'- 1 < p < r} 

for some c £ (0, 1/2). 

(iv) The points Pi and P2 both lie on the line segment {(p,p): I <p < r}; 
in this case, the {p,p) -multi-norms corresponding to points on this line 
segment are all equivalent to the maximum multi-norm on L^(ri). 

Proof. By Theorems 13.81 and I3.11[ all that remains to be considered is the 
case where Pi and P2 both lie on the same curve Vc , where < c < l/r. Without 
loss of generality, we may suppose that pi < P2, and so pi < qi and 

l/pi - l/qi > l/p2 - l/q2 ■ 

Case 1: c £ [1/2, l/r) and l/p^ - l/q^ < 1/2 for both i = 1,2. Then, by Theorem 
I3.15f i). (ii), or (iv), we have, for each i = 1,2, 

^q.,P. (^ ') = either 52,./p.,,, (£ ') or Sr, {£ ') , 

where l/n = 1/2 — 1/pi + l/qi- Note that, since c > 1/2 and Pi y^ P2, we must 
have 1/pi — 1/qi 7^ l/p2 — I/92, and so ri ^ r2- Thus we see, by a remark on page 
m that Ilq^^p^{£'^) ^ ng2,p2(i?^), and hence, by Corollary 13.141 Pi and P2 are not 
equivalent on £''. This contradicts the hypothesis, and so this case cannot occur. 

Case 2: c S [1/2, l/r) and l/p2 - l/q2 < 1/2 < 1/pi - 1/qi. Then, by Theorem 
I3.15[ we have 

^,.,pAe') = cither S2g,/p,^g,ie^) or Sr,{i^) , 
where l/r2 = 1/2 — l/p2 + l/q2- On the other hand, the same theorem implies that 
n(/i,pi(^^) = B{i^). So again we see that Ilq^,p^{£^) ^ ^q2,P2i^'^)i ^^'^ hence, by 
Corollarv l3.14[ Pi and P2 are not equivalent on ^''. This contradicts the hypothesis, 
and so this case cannot occur. 

We have shown in the above two cases that we cannot have both l/p2 — l/q2 < 
1/2 and c G [1/2, l/r), and so necessarily 1 < pi < P2 < Xc when c € [1/2, l/r). 

Case 3: c G (0, 1/2). Now 1/pi - l/qi < 1/2 for each i = 1,2, and so, by Theorem 
13.151 we have 

nq.,p.(^') = either 52,./p.,,.(^') or Sr^{e^) , 

for each i = 1,2, where l/r^ — 1/2 — 1/pi + l/qi. Note that ri and r2 cannot both 
be equal to 2. Thus, since Pi and P2 are equivalent on t^ , by Corollary 13. 14[ we 
must have Ilq^^p^{(.'^) = ^q-2,P2{^'^)- The only way this can happen, by the remark 
on page[9l is when pi < 2 (i = 1, 2) and 1/pi — 1/qi = l/p2 — l/q2- By the definition 
of the curve I?c, this can happen only il pi < r (i — 1, 2). 

The three cases above complete the proof. D 
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Remark 3.17. In Pfj, it will be shown that Pi and P2 are equivalent whenever 
1 < r < 2 and both points lie on the same curve Cc for some c G (0, 1/r). Thus 
we know in every case whether Pi and P2 are equivalent, save for the case where 
both points lie on the same horizontal line q = Uc and where r < pi < p2 < Xc- In 
this case, I{q^^p^{l'^) = liq^ ,p^{i'^) , a necessary condition for equivalence of the two 
multi- norms by Theorems 12.81 and 13.131 D 

Theorem 3.18. Take r > 2, and let Q be a measure space such that L^(fl) 
is infinite dimensional. Suppose that two distinct points Pi = {pi,qi) and P2 = 
(^2,92) in T are equivalent on U'{Q). Then one of the following cases must occur. 

(i) The points Pi and P2 both lie in the region 

{ip,q)eT: l/p-l/q>l/2}; 

in this case, the (p,q) -multi-norms corresponding to points in this region 
are all equivalent to the m,inimum multi-norm on L''{Q). 

(ii) The points Pi and P2 both lie on the same curve {(p, (7) G Cc : 1 < p < 2} 
for some c G (0, 1/2). 

(iii) The points Pi and P2 both lie on the line segment {(p,p): 1 <p < 2}; 
in this case, the {p,p) -multi-norms corresponding to points on this line 
segment are all equivalent to the maximum multi-norm on L''(f2). 

Proof. As in Theorem 13.161 all that remains to be considered is the case 
where Pi and P2 both lie on the same curve Pc , where < c < 1/2. We again 
need to consider only the space i^. For this, suppose without loss of generality that 
Pi < P2, and so pi < qi- Assume towards a contradiction that p2 > 2. Then, by 
Theorem 13. 15( 1) or (iv), we have 

ng„p.(^') = either 52,,/p,,,,(£') or 82(1^) . 
First, suppose that pi > 2. Then, by Theorem 13. 15f iv) . we have 

'-'-qi,Pl\'^ ) ~ 82qi/pi,qi ■ 

But we know that 52qi/pi,(ji(^^) is never equal to either S2q2/p2,q2i^^) ^^ S2{i'^), 
and so Pi and P2 are not equivalent on i^ by Corollary 13.141 

Second, suppose that pi < 2. Then Uq^^p^il'^) = Sr,{i'^) by Theorem [Smh) , 
where 1/ri = 1/2 — c, and so ri > 2. Thus again we see that Ilq-^^p-^{£'^) 7^ ^q2.p2{^'^) 
by a remark on page [3] 

In both cases, we arrive at a contradiction to the assumption that Pi and P2 
are equivalent on £''. Therefore P2 < 2, and the proof is completed. D 

In the Hilbert spaces case, i.e. when r ~ 2, using Theorems 12.181 we see 
that the {p, p)-multi-norms corresponding to points in the clause (iii) above are all 
equivalent to the Hilbert space multi-norm. 

Remark 3.19. There remains the case where Pi,P2 both lie on a curve Cc 
such that < c < 1/2 and pi,P2 e [1,2]. Then again Ilq^^p^{e^) — Tlq2,p2{^'^)^ a 
necessary condition for equivalence by Theorems 12.81 and 13.131 In jTj , it will be 
shown that Pi and P2 are indeed equivalent whenever r > 2 and both points lie 
on the same curve Cc for some c € (0, 1/2). Thus we have a complete classification 
whenever r > 2. D 
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8. The relation with standard f-multi-norms 

Let ri be a measure space, and take r > 1. Then we have defined the standard 
t-muhi-norm (|| • ||^') on U'{Q,) whenever t > r, and we have defined the {p,q)- 
multi-norm (|| • ||„ '* ) on ^'{fl) whenever {p,q) <E T- We conjecture that (|| • ||,[J) ^ 
(II ' llrf '' ) whenever r > 1 and L^{fl) is infinite dimensional. 

The first resuh proves ratlicr more than the conjecture, but only in the special 
case in which t = r. In the following theorem, we suppose that cg <Xi U'{il) C 
L''(ri, Co) has the norm from L^{fl,, cq) corresponding to the standard r -multi- norm 
based on U'{D,) in the manner explained above. 

Theorem 3.20. Let fl be a measure space, and take r > 1. Suppose that L^(fl) 
is an infinite- dimensional space. Then the CQ-norm on Cq (>^ L^(Cl) induced by the 
standard r -multi-norm (|| • ||'[ : n E N) based on U'{n) is not equivalent to any 
uniform CQ-norm. 

Proof. The following theorem is proved in J13 l Section 7.3]. Suppose that 
S e B{L''{n)). Then the operator / ® 5 : cq d) L^'in) ^ cq ® L^'i^) extends to 
a bounded operator on L''(0, cq) if and only if S is regular, in the sense that it is 
a linear combination of positive operators on the Banach lattice L^(fl). However, 
since L''(f2) is an infinite-dimensional space, not all the operators S £ B{U'{^)) are 
regular. 

Indeed, for a concrete example of an operator in B{L''{Q)) which is not regular, 
we follow [HI Section 7.6]. Set s ^^ r' , and let S : £"lz) ^ I'iZ) he the discrete 
Hilbert transform given by 



SiSk) = V -^S„, {k e N) 



Then S is bounded on ^ '^ (Z) , but / (Xi S* is not bounded on the space £ ^ (g) ^ '^ (Z) C 
i^{Z,£^). By duality, we see that /(gDS" is not bounded on the space co<8) l^i^Z) C 
i?''(Z, Co). In the case where L''(r2) is infinite dimensional, this latter space contains 
a 1-complemented copy of i"'(Z), and so we obtain an example of an operator on 
L'^{V,) that is not regular. 

For a stronger example, it is shown by Arendt and Voigt [4] that the subalgebra 
of regular operators on L''(J7) is not even dense in B{L^{ft)) whenever r > 1 and 
L^{n) is infinite dimensional. 

We conclude that the standard r -multi-norm cannot be equivalent to any uni- 
form Co-norm on Cq 'Si L^{^). □ 

Corollary 3.21. Let fl be a measure space, and take r > 1. Suppose that 
L^{n) is an infinite- dimensional space. Then the standard r -multi-norm is not 
equivalent to the maximum or minimum multi-norms or to any {p,q) -multi-norm 
onL'in) for{p,q) G T. 

Proof. This follows from the theorem because the projective, injective, and 
Chevet-Saphar norms are uniform co-norms. D 

Again suppose that $7 is a measure space. Since L^(fi) is Dedekind complete 
as a Banach lattice, it follows from a remark on page 13 of [2] that every order- 
bounded operator on L^{il) is regular. Since L^(fi) is an AL-space, and hence a 
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KB-space (see [2]), it follows from [2l Theorem 15.3] that every bounded operator 
on L^{n) is order-bounded. Thus, in this case, every S £ B{L^{Q)) is regular. 
Thus the argument of the above proof does not apply. Indeed, the conclusion of 
the preceding paragraph does not hold: by Theorem 12.201 (|| • |1„ ) = (|| • |1„ ''' ) on 
L^{n) for every q> 1 [cf. Theorem 13. 3p . 

The following theorem subsumes Theorem 12.211 and part of CoroUarv 13.211 

Theorem 3.22. Let fl be a measure space, and take r > 1, where L^{Q) is 
infinite dimensional. Suppose that t > r and that (p, q) G T, and assume that 

(||.|||r))-(||.||[:l) on L^[n). 

Then r < 2, t > 2r/(2 — r), and {p,q) lies on the same curve Vc as {r,t) with 
P < 2t/(2 + t), so that 1/p — 1/q > 1/2. Moreover, we must also have (|| • ||„ ) = 

iW-W';:-'^) on Vin). 

Proof. We need to consider only the space l"^. Set f = min{r, 2}, as before. 
By (fT3|) . (fin {i^) = n^/*, and so it follows from Theorem 13.101 that one of the 
following must happen: 

(i) either p > f and q = t; 
(ii) or p < 7~ and 1/t = 1/f — 1/p + 1/q . 
Let n £ N, and take g = (gi, . . . ,gn) G (^'')" to be as in the proof of Lemma 
13.121 Then we see that 

ll9llL'' = ^ «^P { K' + • • • + ™/0 '^* : mi + . . . + m, = T 

Since t/r > 1, we have m^ + • • • + ?tij, < 2"*/'', and so ||g||„ < 1. On the other 
hand, Lemma [3. 121 tells us that 

where (Sk) is the standard basis sequence for £'^. These and Example 12.161 implv 
that 1/p - 1/q > 1/2. 

The previous two paragraphs now imply the claimed result. D 

Thus (II • ||„ '' ) is not equivalent to (|| • ||„ ) on _L''(0) in each of the following 
cases: 

(i) r > 2; 

(ii) 1 < r < 2 and i < 2r/(2 - r); 

(iii) 1/p- 1/q < 1/2; 

(iv) {p-,q) and (r, i) lie on different curves Vc- 

Moreover, our conjecture would be established if we could prove that || • ||„ ^ 
II • ||„' on £^ for any t > r; this is open only when 1 < r < 2 and t > 2r/{2 — r). 
Some further partial results will be given in [7]. 



CHAPTER 4 



The Hilbert space multi-norm 



1. Equivalent norms 

Let H he a (complex) Hilbert space with inner product denoted by [ • , • ] , and 
take p G [1,2]. We know from Propositions 13.61 I2.19[ and 12.181 that there is a 
constant Cp such that 

for all n e N. Our first theorem gives the best value of C2 ■ 

Theorem 4.1. Let H be an infinite-dimensional, complex Hilbert space. Then 

ll^lLf = ||^|l!f -'^ < ll^lir'^ < -^ \\xC^ {x e H\ n e N) ; 

the constant 2/ \/t: is best-possible in this inequality. 

Proof. By Theorem 12.101 the (2, 2)-multi-norm on H is the Chevet-Saphar 
norm d2 on cq®H . Thus the dual space of (cq ®H^ || • || ) is the space H2(co, H') = 
H2(co, H), where H is the conjugate of H . Thus, by duality, the claim is equivalent 
to showing that 

||T|l<^2(r)<^llT|l (TeS(co,iJ)). 

The 'Little Grothendieck Theorem' says that every T e B{i^, H) is 2-summing, 
with TT2{T) < (2/v^)||r|| for each n e N. See [HI Theorem 11.11] for the esti- 
mate, and [131 Section 20.19], where it is shown that this constant is the best 
possible (when the scalars are the complex numbers). In particular, we see that 
each operator T e B{co,H) is such that 7r2(T) < {2/y^)\\T\\; it follows that 

sup{7r2(T)/||r|| : T G B{co,H)} = 2/^A, 

and this gives the required estimate. D 

The function p i-> Cp, [1,2] — > [1,2/y^, is increasing, with Ci = 1 and 
C2 = 2/y/TT; we do not have a formula for Cp. 

2. Equivalence at level n 

We now consider the best constant c„, defined for each n G N, such that 
||a.|ir''<c„||a,||i^-^' (xeH-). 
We know that (c„) is an increasing sequence in [1, 2/y^] with ci = 1 and that 

lim c„ — 2/\/tt . 

n—>co 
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We wonder which is the smallest value of n such that c„ > 1? The first fact that 
we can offer is that C2 = C3 = f , so that 

II nmax n ii(2,2) n \\H / ^ TTn\ 

for n = f , 2, 3. 

We start with some preliminary results. The following is a slight generalization 
of [18[ Proposition 2.8]. In the result, we define r by 

11 11 1 
'r ~ p~ 2~ 2~ p' 
in the case where 1 < p < 2, so that p = 2r/(r + 2). 

Proposition 4.2. Let 1 < p < 00, and let (xi, . . . , a;„) he an orthogonal n-tuple 
in a Hilbert space. Then 

'max{||a;,|| : i G N„} {p > 2), 
^p,„(xi,...,x„)=<j(E.:iib.ir)'^' (1<P<2), 

Proof. We calculate simply that 

n n 

lip^n{xi,...,Xn) = sup I ^ a^ajj : ^ |aj|P < l| 

^sup{(^|a,n|:r,|p) : ^ |a,r' < l} . 

1=1 1=1 

Suppose that p > 2. Then p' < 2, and we see that the supremum is attained 
when (ai) = {di^ig) for some jq & N„. 

Next, suppose that 1 < p < 2, so that 2 < p' < cxo. We set R — r/2, so that 
R = p'/{p' - 2) and R' = p' /2 > 1. Then, by ^^-£^'-duaUty, we see that 

l/R 

= sup|2^|a.,|^||xi||^ : 

i=l 



J2 \\^^\^) = sup { 5] |«,|2||x,||2 : J2 I".!'''' < 1} = Mp,n(^l, • • ■ ,^«)' 

i=l i=l " ' 

because 2R' — p', and hence 



l^W^iir j = Hp,n{^l,■■■,Xn)■ 

SuppOSe that p = 1. Then we are really taking the supremum over the collection 
of sequence (ai) such that jail < 1 (i G N„), and the result follows immediately. 
The result follows in each case. D 

Let H he a, Hilbert space, and take r with 2 < r < 00. For n e N, we denote by 
S^ C H^ the set of all orthogonal n-tuples (si, ■ • • , a;„) e i/" with J27=i ll^^dT = 1- 
In particular, we have 

'S'n = {{^i) G H"^ ■ {xi) orthogonal and ||a:i + • • • + x„|| = l} . 
By Proposition 14.21 with r as defined for some p £ (1, 2), we have 



{s-)ciH-,^ip,n) 



[1] 



2. EQUIVALENCE AT LEVEL n 45 

That is, the closed convex hull of S"^ is a subset of the closed unit ball of iJ" 
equipped with the norm ^p^n- By Proposition 221 this result also holds when p = 1 
and r = 2, and it holds for r = oo and any p > 2. For us, it is actually these cases 
which are of most interest: 



(5-) C (i?", M2,n)[l] , {SD C (i?", Ml,n)[l] . 

The Russo-Dye theorem jlO| Theorem 3.2.18(iii)] can be used to show that the 
closed unit ball (-ff", Ai2,n)[i] is precisely {S"^). Thus we could ask for which n e N 
is it true that {S'^-^) — (i?",/ii_„)[i]? We shall show shortly that this is equivalent 
to asking if the Hilbert multi-norm and the maximum multi-norm agree at level n. 

Lemma 4.3. Let H be a Hilbert space, and suppose that 2 < r < oo and n e N. 
Then 

o„ C ex (d^) . 



In the case where H is a finite dimensional, S^^ = ex (S*^) . 

Proof. Let X be the space i/" with the norm || • || given by 

\{^^)\\x^\y:\\x^r\ {{xi)ex). 




Then S^ is a subset of the closed unit ball of X, and hence also (5^) is a subset of 
the closed unit ball of X. The space X is strictly convex (see, for example ^8,). 

Assume towards a contradiction that (j/^) G 5,^, but that (j/i) is not an extreme 
point of (S*^), so that we can find x, z ^ (fij'j) with x ^ z and 2y ^ x + z. We then 
have 

l = \\y\\x<\{\\x\\x + \\z\\x)<l, 

and so ||a;||x ~ \\A\x = 1- By the strict convexity of X, we have \\{x + z)/2\\ < 1 
because a; 7^ z, a contradiction, as required. 

Now suppose that H is finite dimensional. Then the set 5^ is closed, and so, 
by Mil'man's converse to the Krein-Mil'man theorem, 5'^ = ex(S'^). D 

Finally, we show the link with the Hilbert multi-norm. In the result, we identify 
(anti-linearly) the dual space of i?" with iJ"; a sequence (x„) in a Hilbert space is 
orthogonal if [xi, Xj] — whenever i ^ j. 

Theorem 4.4. Let H be a Hilbert space, and let n e N. Then: 
(i) the unit hall of the dual of (H", |i • ||„ ) is (S^); 

(ii) the unit ball of the dual of (H", \\ ■ ||^ ) is the unit ball of (iJ",/ii^„). 
In particular, \\ ■ \\^ — \\ ■ ||™^'^ on _ff" whenever S^ — ex ((iJ", /ii^„)[i]) . 

Proof. For (i), let y = {yi) e _ff" be an orthogonal family with Y^^=i WViW^ ^ 
1. Let X = {xi) € iJ" satisfy |ja;|j^ < 1, and then choose a family {Pi)^^i of 
mutually orthogonal projections summing to Ir with Pi{yi) = yi (« G N„). Then 

■i— 1 i— 1 2—1 

Thus the norm of y as a functional on (i?^, || ■ ||^ ) is at most 1. We conclude that 
si C (i7", II • ||,f )(ij, and hence W) C (i?", || • ||^){i]. 
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Conversely, assume towards a contradiction that (S*^) C (_ff", | 



iH 



In )[!]■ 



Then 



there exists x G (-ff", || • ||„ )mi such that a small open ball about x is disjoint from 

(5^). By the Hahn-Banach theorem, there exists z =- (z^) e iJ" and 7 G M such 
that 



Since (/S^) is absolutely convex, we see that 7 < 0, and so actually 

/ n \ n 



i=l 



Now observe that 



sup • 



X][^*'y* 



{v^) e (^,^.> 



is greater than or equal to 



sup ^^\zi,yi 

i=l 

with the supremum taken over all orthogonal sequences in H with X]"=i IIj/jII^ — l^ 
and that this supremum is equal to 



sup 



^a, 



Zi 1 Co 



taken over all orthonormal sequences (e^) in H and all sequences (a^) with X]r=i 1*^1 1 ^ 
1. In its turn, this supremum is equal to 

sup ( X!l[^«'^']l^ 1 
taken over all orthonormal sequences (e^) in H, and hence, finally, to |l(2i)||^. Thus 

-5ftff][z„a:.]j >||(z.)ll^- 

But this contradicts the fact that (xi) E (-ff", || • ||„ Y^y Thus (i) holds. 

For (ii), we know that (iJ", || • ||™'''') '^i^®H, and that the dual of the latter 
space is £^(E)H' = B{H,£^). By definition, the space (iJ",/xi,„) can be identified 
with B{H,£^), and so (ii) follows. 

In conclusion, it follows that || • \\^ — \\ ■ \\^^^ if and only if (S*^) ~ (i/",/ii.„)ji]. 
By the previous lemma, this equality holds whenever 5",^^ = cyi{H^ , Mi,n)[i]- D 

We shall show that indeed 5*^ ~ ex(_ff", ^i^n)[i\ when n = 2 or n = 3; thus, in 
these cases, we have a description of the dual space of (i?", /^i,n), which may be of 
independent interest. 
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3. Calculation of C2 

We begin with an elementary result that shows that C2 — 1. 

Theorem 4.5. Let H be a complex Hilbert space. Then \\ ■ W^ = \\ ■ ||™^'' on 

Proof. It is sufficient to prove the result in the case where the dimension of 
H is at least 2. 

Set L := (_ff^, /ii^2)[i], and recall that 

Mi,2(2/i,y2) ^supdlCiyi +(22/2!! : Ci,C2 e T} (yi,2/2 e H). 

Let (2/1,2/2) G exL. By replacing yi and 1/2 by 7712/1 and ?/22/2, respectively, for 
suitable r/i, 772 € T, we may suppose that \\yi + 2/2II = 1, and so 

II2/1II' + II2/2II' + 25R(CiC2[yi,2/2]) < II2/1II' + II2/2II' + 25R[2/i, 2/2] = 1 

for each Ci, C2 e T. We have 3?(C[2/i, 2/2]) < ^[vi, 2/2] (C S T), and so [2/1, 2/2] > 0. 

Assume towards a contradiction that [yi, 2/2] > 0. 

Choose u E H with ||m|| = 1 such that [2/1, u] — [u, 2/2], and then choose e > 
with e^ < [2/1, 2/2]- Set wi = 2/1 + £u and W2 ~ y2 — £u. Then we have 

||^l||' + 11^211' = ||2/l||' + ll2/2||'+2£2 

because [2/1, u] = [^,2/2], and 

3*(CiC2([yi,y2]-£^)) < [2/l,2/2]-£^ = K,W2] 
for each Ci, C2 € T because [2/1,2/2] — e^ > 0. Hence 

IICiw^i + C2W2II < 11^1 + W2II == 1 (Ci,C2 e T), 

and so (2/1 + ew, 2/2 — ew) G L. Similarly, (2/1 — £u, 2/2 + £"") G -^- However 

2(2/1, 2/2) = (2/1 + ew: 2/2 - ew) + (2/1 - £■«, 2/2 + £u) . 
It follows that (2/1, 2/2) is not an extreme point of L, the required contradiction. 

We have shown that (2/1,2/2) G 5*1. Thus exL C 5*1, and so L C (5|). This 
implies that i = (5|) (and, by Lemma l473l we must also have exL = 5*1.) D 



4. Calculation of C3 

Next we consider the case where n = 2>. In fact, there is now a difference 
between real and complex Hilbert spaces. 



Proposition 4.6. Let H be a real Hilbert space of dimension at least 3. Then 

ni; 
3 



\n and II • 11™^'^ are not equal on H^ 



Proof. It is sufficient to consider H to be the real 3-dimensional Hilbert space 
f|(M). SetL = (F3^/.i,3)[i]. 

For 2/1,2/2,2/3 £ H , we now have 

Ati,3(2/i,2/2,2/3) = sup{||ii2/i +^22/2 + ^32/3 II : ^1,^2,^3 S {±1}} • 
Consider the vectors 

2/i = -i=(l,0,0), 2/2 = -^(1,1,0), 2/3 = -^(-1,2,1). 
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We see that [2/1,2/2] = [2/2,2/3] = l/H and [2/1,2/3] = -l/H, and so 

II2/1 + ?y2 + 2/3II' = E ll^ll' + 2E[y-%] - yt(9 + 2 • ^) ^ 1 • 

For each ti, ^2, is G {±1}, we have iit2~iii3+i2i3 < 1, and so it fohows immediately 
that 2^1,3(2/1,2/2,2/3) — Ij showing that (2/1,2/2,2/3) € i. Note that the expression 
^1^2 — tit^ + ^2^3 takes its maximum value of 1 when ^1=^2= ^3 = 1, when 
ti = ^2 — 1 and ^3 = —1, and when ii = 1 and ^2=^3 = ^!- 

We claim that y :— (2/1, 2/2, 2/3) is an extreme point of L. 

Assume towards a contradiction that there exists u G H^ with m 7^ such that 
y zLu ^ L, say it = (ui, ^2,113), with ui, 1x2,^3 € H. 

Taketi,t2,t3 e {±1} withiit2-tii3+i2i3 = 1- Then clearly Whyi + ^22/2 +^32/3! 
1. However 

\\ti{yi + ui) + ^2(2/2 + U2) + t3(2/3 + '"3)11 < 1 

and 

\\ti{yi -ui) + t2{y2 -U2) +h{yz -U3)|| < 1. 
Since H is strictly convex, it follows that tiui + ^2^2 + t^u^ — 0. By taking the 
various possibilities for ii, t2, t^ such that ^1^2 — ^1^3 + ^2^3 = 1 specified above, we 
see that ui + U2 + U3 = 0, that ui + ^2 ^ ^3 = 0, and that mi — M2 ^ M3 = 0. Thus 
Ml = M2 = U3 = 0, a contradiction. Hence (2/1,2/2,2/3) ^ exi. 

Since {2/1,2/2,2/3} is manifestly not an orthogonal set in iJ, it follows that y is 
not in the set 5*1, and so the two multi- norms are not equal. D 

We shall now show that we obtain a different result from the above in the case 
where 7f is a complex Hilbert space. Indeed || • II3 — || • II™'''' on each complex 
Hilbert space H. But now the (elementary) calculations seem to be much more 
challenging. 

Lemma 4.7. Take (2/1,2/2,2/3) ^ H'^ ■ Suppose that (^1,^2,^3) G T^ is such that 
IIC12/1 +6y2 +C32/3II = max {II7712/1 +7/22/2 +??32/3|| : (j?!, »72, J/s) e T^} . 
Then 

S [6^1,62/2] = 3? [62/2, 62/3] =3?[^32/3,Ci2/i] • 

Proof. We see that \\rixyi + 7722/2 + 7/32/3II for (771, 772, 773) G T^ attains its max- 
imum at the point (7;i,7;2, 7/3) ~ (^1:^2,^3) whenever 

9? {mm [yi,y2]) + 5ft {mm [2/2,2/3]) + 5ft (773771 [2/3, 2/1]) 

attains its maximum at {mTmim) — (CiiC2,C3)- 

Next set [2/1,2/2] = aexp(ia), [2/2,2/3] = &cxp(i/3), and [2/3,2/1] = cexp(i7), where 
a, 6, c > and a, /?, 7 G M. Also, take ti, /:2, ^3 G K with 77^ = exp(iii) for 7 = 1,2, 3. 
Then the fact that the real-valued function 

F : {ti,t2,t3) H^ acos(ii - t2 + a) + &cos(t2 - ^3 + P) +ccos(t3 - ti + 7) 

attains its maximum at (ti,t2,^3) implies that 

dF dF dF 

^ T;r{tiMM) - -7T-{tiM.h) = ^^(^1,^2,^3) , 
oil OT2 OT3 

and hence that 

a sin(ti — t2 + a) = b sin(f2 — t^ + j3) = c sin(t3 — ti + 7) . 
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This gives the speeified equations. 
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D 



In the following lemmas, A is the angle at the vertex A of the triangle ABC, 
and BC is the length of the side from B to C, etc. In the first two lemmas, ABC 
is a triangle (if such a triangle exists) with BC — 1/a, CA ~ 1/b, and AB = 1/c, 
where a,b,c> 0. Further, we shall consider the function 

F : (r, s, t) i-> a cos r + b cos s + c cos t , M ^ — > R . 



Lemma 4.8. Consider F^^ to he the restriction of F to the set 
{(r, s,i)€M^:r + s + t = 7r (mod 2tt)} . 

(i) Suppose that the triangle ABC exists. Then F^^ attains its maximum at 
exactly two points {r,s,t) ~ {A,B,C) or {r,s,t) — (— A, — _B,— C) (mod 
2tt). 

(ii) Suppose that the triangle ABC does not exist and that a < b < c. Then 
Ft, attains its maximum at exactly the point {r,s,t) ~ (7r,0, 0) (mod 27r). 



Proof. This is elementary. 



D 



Lemma 4.9. Suppose that M ^ tt [mod 27r), and consider Fm to be the restric- 
tion of F to the set 

{{r,s,t) G K^ : r + .s + f = M (mod 27r)} . 

Then Fm attains its maximum at exactly one tuple {r,s,t) (mod 27r). 

Proof. Without loss of generality, we may suppose that a < b < c. The case 
where M — (mod 2tt) is obvious. Replacing M by M + 2fc7r or 2fc7r — M, if 
necessary, we may suppose that < M < tt. Note that the maximum of Fm is at 
least 

a cos M + b + ob + c— a>c. 
Set 

p ~ arcsin(a/6) and q = arcsin(a/c) , 
so that we have the picture below. 





Suppose that (r, s, t) is any point where Fm attains its maximum; say r,s,t ^ 
(— 7r,7r]. We have seen that {r,s,t) must satisfy 

(16) asinr = 6sins = csini as well as r + s + f = Af (mod 27r). 
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Set h = asinr. Then h ^ and 



/i2 K^ / K^ 
cosr = ±Wl J, coss = ±Wl — — , and cost = ±yl -. 

Since a <b < c and Fj^iir, s, t) > c, we deduce that 



/i2 / /i2 

1-— and cost-^1- — , 

so that s = arcsin(/i/6) and i = arcsin(/i/c). In particular, we must have 

\s\ < p and \t\ < q ■ 

Assume toward a contradiction that h < 0. In the case where cosr > 0, we see 
that r,s,t ^ [— 7r/2, 0) and so r + s + t = AI — 2tt. This imphes that 

Stt tt 

In particular, we must have l/fe^ + 1/c^ > 1/a^, so that ABC is an (acute) triangle. 
Since 3tt/2 <27r + r<7r — s — t< 27r, we see that 

FM{r,s,t) ^FM{27T + r,s,t) < F{7r - s - t, s,t) <F{A,B,C) < F{A' , B' ,C') , 

where the second inequality follows from Lemma [4.81 and where A' G {0,A),B' g 
(0, B), and C" e (0,C) are such that A' + B' + C = M (this is possible since 
< M < tt). This contradicts the assumption that Fm attains its maximum at 
{r,s,t). 

In the case where cosr < 0, we see that r G (— tt, — 7r/2), whereas s,t d 
[-7r/2, 0), and so r + s + t = M - 2n. It follows that tt > -r > A/ - vr - r = 
TT + s + t > 0, and so 

FMir, s,t) < acos{TT + s + t) + 6cos(— s) + ccos(— t) — F{tt + s + t,—s, —t) . 

Choosing u G (0, tt + s + t), w e (0, — s), and w G (0, —t) such that u + v -{-w — M, 
which is possible since < M < tt, the above implies that 

FM(r, s, t) < Fm{u, V, w) . 

This again contradicts the assumption that Fm attains its maximum at {r,s,t). 

Thus we must have h > 0, so that r G (0,7r), s G (0,p], and t G (0,q]. We 
consider the following two cases. 

Case 1: M < tt/2 + p + q. Assume toward a contradiction that cosr < 0. 
Then r G (7r/2,7r), whereas s,i G (0,7r/2], and so r + s + t = M. Consider the 
function g defined by 

/fc\ fk\ fk\ , 

g(k) = n — arcsm I — I + arcsin I t I + arcsin I — I (0 < fc < a) . 

Then g{h) = M and g{a) = n/2+p + q. li p + q> 7r/2, then g{h) < n < g{a), and 
so there exists k G {h,a] such that g{k) — n. But this means that tt — arcsin(fc/a), 
arcsin(fc/&), and arcsin(A;/c) are three angles of a triangle whose sides are 1/a, 1/6 
and 1/c. In particular, this implies that ABC is a triangle with A > tt/2, so that 
1/a^ > 1/b^ + 1/c^, which means that p + q < tt/2. Thus we must have p + q < 7r/2 
anyways, so that 1/a^ > 1/6^ + 1/c^. 
We see that 

g'i^) = + + J 

\fa? — W- \J\p- — k^ \J (? — k"^ 
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and, for k G (0,a), since 1/a^ > 1/6^ + 1/c^, we have 



<?"(fc) 



fc2)3/2 (52 _ fc2)3/2 (c2 _ fc2)3/ 



2 



fc/a^ k/b^ k/c^ 
< 1 \ < 



Note that ^'(0) > and g'{a) — —00. So we see that there exists a unique ko G (0, a) 
such that g'i^ko) = 0, g is strictly increasing on (0, feg), and g is strictly decreasing on 
{ko,a). In particular, since /i S (0, a), we must have M = (7(/i) > min {5(0), 5(a)} = 
7r/2 + p + q; a contradiction of the assumption of Case 1. 

Thus we must have cosr > 0, and so r,s,t £ (0,7r/2]. Hence {r,s,t) must be 
the unique triple (a,/?, 7) that satisfies (fT6|l and such that a,/3,j G (0, 7r/2] (see 
the picture). 

Case 2: M > tt/2 + p + q. In this case, there exists no triple {a,/3,j) that 
satisfies (I16p and such that a,/3,j £ (0,7r/2], and so r e (7r/2,7r]. It follows that 
r + s + t = M . We also see from the assumption that p + (7 < 7r/2, so that 
1/a? > 1/6^ + 1/c^. Consider the function g defined as in Case 1. Then g(h) = M. 
We again find a unique fco G (0, a) such that g is strictly increasing on (0, fco), and 
g is strictly decreasing on {ko,a). Since g{a) = 7r/2 +p + q < M < g{0) = n, h 
is the unique point I £ {ko,a) such that g{l) — M. This shows that {r,s,t) is the 
unique triple (mod 2tt) at which Fm attains its maximum. D 

We summarize the above lemmas in the setting of our problem as follows. 
Let {yi,y2,y3) e L, where L= {H^,ni,3)[i]. For (?/i,?72, 773) e T^, set 

N{rii,V2,V3) = Wviyi +7722/2 +?/32/3|| 
and 

F{m,m,V3) ^^{vim[yi,y2]) + ^i'n2V3[y2,y3]) + ^{ii3m[y3,yi]) , 

so that N and F attain their maxima at the same tuple(s) (??i,??2,''73)- 

We shall now use square bracket- notation [771 , 772 , 773] to denote the class of all 

tuples {Cvi XV2 1CV3) (C G T); we shall also call [?7i , ?/2 , ^/3] a 'tuple', with the 

understanding that we are identifying all those [Cvii C^2, CV3] for which (^ e T. 
Set 

a= I [yi,2/2]| , b=\ [y2,y3]\ , c= \[yi,y2] \ , 

and then set M = arg [yi,y2] + arg [y2, 1/3] + arg [ys, yi]. 

Suppose that we have a,b,c > 0. Then, by the previous three lemmas (and 

inspecting their proofs as well), we have maxi^(r7i, 772, %) > max{a, b, c}, and there 

are the following cases: 

I) M = (mod 27r): N attains its maximum at the unique [^1,^2,^3] in 
T'^ satisfying the conditions that ^1^2 [2/1,2/2] > 0, that ^2^3 [2/2,2/3] > 0, and that 
C3C1 [2/3,2/1] > 0- (Actually, if any two of these inequalities hold, then the third 
must also hold.) 

II) M = TT (mod 27r) and 1/a, 1/6, and 1/c are the sides of a triangle: 
N attains its maximum at those [^1,^2,^3] in T^ such that 

3(66 [2/1,2/2]) =3(66 [2/2,2/3]) = 3(6?^ [2/3, 2/1]) =: MO. 
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There are exactly 2 such tuples [$i, ^2, ■fa], and, moreover, for one such tuple, k > 
and, for the other, k < 0. 

III) M = -K (mod 27r) and 1/a, 1/6, 1/c cannot be the sides of any 

triangle: iV attains its maximum at the unique [^1,^2,^3] in T^^ such that 

3^(66 [2/1, y2]) = 3(66 [2/2,2/3]) = 3^(66 [2/3,2/1]) = 0. 

IV) < A/ < vr (mod 27r) : A^ attains its maximum at the unique [6 , 6 , 6] 
in T'^ such that 

3(66 [2/1,2/2]) = 3(66 [2/2,2/3]) = 3(66 [2/3,2/1]) -: fc > 0. 

V) TT < M < 2n (mod 27r): A^ attains maximum at the unique [6,6,6] in 
T^ such that 

3(66 [2/1,2/2]) = 3(66 [2/2,2/3]) = 3(66 [2/3, 2/1]) =: fc < . 



Now take (2/1,2/2,2/3) ^ ^, and suppose that N attains its maximum on T'^ at 
the point (6, 6, 6) G "^^ ■ Consider the elements u — (ui, U2, U3) e H^ with m 7^ 0, 
if any, such that 

(j/i + ewi, 2/2 + ew2, 2/3 + £'"3) e £ 
for e = — 1 and e = 1, and hence, by convexity, for all e G [—1, 1]. Since 

62/1 + 62/2 + 62/3 e exff[i] , 
it follows that 6'^i + 6'"2 + 6'"3 — 0- So, for each e E [—1,1], the function 

(f/i,f/2,?73) i~^ l!?7i(2/i +£-"1) +V2{y2 +eu2) +7/3(2/3 +£"3)11 , T^ ^ K+, 
also attains its maximum at (6,6,6)- Lemma 14.71 then implies that 
3(66 [2/1 + ewi, 2/2 + £'"2]) = 3(66 [272 + £"2,2/3 + £"3]) = 3(66 [2/3 + £"3, 2/i + £"i]) 

Since 6^1 + 6'^2 + 6^3 — 0, the coefficients of e^ are equal. Comparing the 
coefficients of e, we see that the above equalities are equivalent to 

[u,, 62/1 + 62/2 + 62/3] = (i = 1, 2, 3) . 
Theorem 4.10. Let H be a complex Hilbert space. Then ex{H^ , fii,^)^^ — S^, 

; II w H II II max 7-7-3 

and II • II3 — II • II3 on H . 

Proof. It is sufficient to consider only the case where H has dimension at 
least 3. 

Let (2/1,2/2,2/3) e exL, where L = (iJ^, ^i^3)[i] as before. For (771, 772,%) € T^, 
we define N{rii, 772, 7^3) and i^(7;i, 7^2, 7/3), and then a, 6, c, Af , as before. 

Suppose that N attains its maximum, which is 1, at [6,6,6] in TT'^. Let 
(ui, M2, "3) in H^ be non-zero and such that 

6^1 + 6^2 + 6"3 = 
[ui, 62/1 +62/2+ 62/3] =0 (ieNs). 

In the case where N attains maximum at another (different) tuple [6, 6, C3] in T"^, 
we require, further, that (7^1,^2,^3) also satisfies 

Ci"i + 6"2 + 6"3 = 

[7ii,Ci2/i + 62/2 + C32/3] =0 (ieNs). 
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It is easy to see that such (ui,M2,U3) always exists. 

For each e € M, set j/i,e — yi + £Ui. For (??i, ?72, V3) ^ I'^i set 

Ne{m,V2,m) ^ \\viyi,6 + my2,6 + V3y3,e\\ 

and 

Fe{Vl,V2,V3) = Sf^l^W [yi,e,2/2,e]) + 3? (%% [y2,e, 2/3,e]) + 3^? (^W [y3,e, 2/l,e]) • 

Finally, set 

«£ = I [yi,e, 2/2,e] I , &e = I [y2,e, 2/3,e] I , C^ = | [y3,e, yi,e] I , 

and set M = arg [yi,e, j/2,e] + arg [y2,e, 2/3,e] + arg [y3,s,yi.e]- Then we see that 

^e(a,6,6) = ^e(Cl,C2,C3) = l, 

and, from the discussion preceding this theorem, we have 

3(^1^2 [yi,e,y2,e]) = 3?(66 [y2.,s,y3.,s]) = 3(^3^ b3,£,yi,£]) =: Is 
Q'(ClC2 [2/l,e,2/2,e]) = S(C2C3 [y2.^s,y3.^s]) = ^(CsCl [y3,e,yi,e]) =: Je ■ 

(The above equalities about [Ci , C2 , C3] are considered only when the relevant tuple 
exists.) 

First, we claim that, in the case where both /q = and ^^(^1,^2,^3) > 0; for 
|e| sufficiently small, the sign of Ig and the sign of 

Sf [yi,e,2/2,e] [y2,e,y3,e] [y3,e,yi,e] j = 3? Kl6 [yi,e, 2/2,e] 66 [y2,e, 2/3,e] 66 [y3,e, 2/l,e] 

are the same. Indeed, since Iq ~ 0, this can be verified by considering the cases 
where the coefficients of e or e^ in I^ are non-zero. This claim implies that, in the 
case where both /o = and -F(6j6i6) > 0- 

(i) < Mg < TT (mod 27r) implies that 4 > ; 

(ii) TT < Me < 27r (mod 27r) implies that /^ < ; 

(iii) Me = or TT (mod 2tt) implies that I^ — . 

Assume toward a contradiction that a,b,c > 0. Then, for |e| sufficiently small, 
we have ae,be,Ce > 0. As discussed above, there are five cases: 

Case 1: {yi, y2, ys) falls in class I. Then, for sufficiently small |e|, we also have 

5R(66 [yi,e, y2,e]) > o , 5R(66 [y2,e, y3,e]) > , K(66 bs,^, yi,s]) > o , 

-^£(61676) > niaxjag, &£, Cg} , and M^ is 'close' to mod 2tt. 

By the claim, if < Mg < tt (mod 27r), then I^ > 0, so that (j/i.e, j/2.e, y3.e) 
belongs to class IV, and N^ attains its maximum at [6)676]- If tt < M^ < 27r 
(mod 27r), then /g < 0, so that (yi,e,2/2,e,2/3,e) belongs to class V, and N^ attains 
its maximum at [61 61 6]- Finally, if Mg = (mod 27r), then /g = 0, so that 
{yi,e,y2,e,y3,e) belongs to class I, and TVg again attains its maximum at [67 6; 6]- 
Thus we always have (yi,e, y2,e, 2/3, e) € L for \s\ sufficiently small, and so (yi, 2/27 ya) 
cannot be an extreme point of L. 
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Case 2: (2/1,1/2,2/3) falls into class II. Suppose that Iq > and Jo < 0. Then, 
for sufficiently small \e\, we also have 

l/flg, l/&e, l/cg are the sides of a triangle , /^ > , J^ < , 
^£(6,6,6) > max {ae,&e,Ce} , Fe(Cl,C2,C3) > max{ae,6e,Ce} , 
and Me is 'close' to tt mod 2tt . 

If < Mg < n (mod 27r), then (2/i,e,2/2,e, 2/3,e) belongs to class IV, and N^ attains 
its maximum at [^1,^2,^3]- If tt < M^ < 27r (mod 27r), then (2/1, e, 2/2, e, 2/3, e) belongs 
to class V, and N^ attains its maximum at [Ci,C2,C3]- Finally, if Mg = tt (mod 
2n), then (2/i,e,2/2,e,2/3,e) belongs to class II, and Ng attains its maximum at both 
[656)6] and [Ci,C2,C3]- Thus we always have (2/i,e,2/2,e,2/3,e) e i for |e| sufhciently 
small, and so (2/1, 2/2, 2/3) cannot be an extreme point of L. 

The other cases where (2/1,2/2,2/3) falls into classes III, IV, V can be covered 
by similar arguments to obtain contradictions. 

Thus we have proved that one of a,b,c must be 0. Say a = 0. Assume to- 
ward a contradiction that 6, c > 0. Then we see that N attains its maximum at 
the unique [6.6,6] in T^ such that 66 [2/2,2/3] > and 66 [2/3, J/i] > 0. We 
also see easily that ^(6,6,6) > max{o = 0, 6, c}. If a^ = 0, then obviously, 
when |e| is sufficiently small TVg again attains its maximum at [6,6,6], and so 
(2/i,e,2/2,e,2/3,e) G i, hencc (2/1,2/2,2/3) cannot be an extreme point of L. So a^ ^ 
for sufficiently small |e|. Again, we can argue as above, checking (2/1, e, 2/2, e, 2/3, e) 
against each of the classes I and III- V (we can avoid class II) and the case where 
[2/1, e, 2/2, e] = to arrive at a contradiction. 

Now we have proved that two of a, b, or c must be 0. We can now argue as 
above to show that all a, b, c are 0. Hence (2/1,2/2, 2/3) ^ ^3- 

Thus we have proved that exL C S^. This implies that L C (S*!) C L. Hence 
exL = S^ and the proof is complete. D 



5. Calculation of C4 

We can give some information about the constant C4. 

Theorem 4.11. Let H be a complex Hilbert space of dimension at least 3. Then 
II • lljj is not equal to \\ ■ \\^^ on H"' for every n> A. 

Proof. It is sufficient to consider the case where n — A and H — £^. Set 
L := {H'^,fiiA)[i]- Set xi = (1,0,0), X2 = (-1,2,0), 2:3 == (-1,-1,3), and x^ = 
(—1, —1, —1). Then we have [2:^,2;^] := —1 for every i,j G N4 with i ^ j. For each 
(6,6,6,6) e T'', we have 

3?5]66>-2, 

i<j 

with the minimum attained at those (6, 6,6,6) ^ T* for which 6 + ' ' ' + 6 = 0, 
and so it follows that the function 

(6,6,6,6) ^1162:1 + ••• + 62:411 , T^^M, 

attains its maximum at each (6,6,6,6) ^ Sj where we set 

^: = {(6,6,6,6) eT4:ei + ^^^ +6-0} 

= {(6, 6, -6, -6) and (6, 6, -6, -6): 6,6 eT}^ 
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Let y = (yi, . . . , 2/4) be a scaling of (xi, . . . , X4) such that ;Ui,4((2/i, . . . , j/4)) — 1. 
In particular, y ^ L\S\. We also have 

11^12/1 + •••+^42/411 <1 

for every (Ci 1^2 7^3 7^4) € T'*, and the equality is attained whenever (C11C27C37C4) € 
S. 

Suppose that u = (ui, . . . , U4) G _ff^ is such that y zt u E L. Then, for every 
(^17^2,^3,^4) e T"' and every e G [-1, 1], we have 

\\S,i{yi +eui) -\ \- S,4{y4 + £U4)\\ < 1. 

In particular, for each (^17^2,^3,^4) G S, since £_iyi + • • • + ^4^4, being of norm 1, 
is an extreme point of i/[i] , we obtain 

S,lUi + ■ ■ ■ +^4^4 = . 

This implies that ui = ■ ■ ■ = U4 =: u. 

Fix an e G M with \e\ sufficiently small so that ai,bi > and Ai,Bi G 
(7r/2, 37r/2) {i G N3) can be chosen to satisfy the following equations: 

aiexp(iAj) = [y, +eu,y4 + eu] («== 1,2,3) biex.p{[Bi) = [y2 + su,y3 + su] , 

b2Cx.p{[B2) ^ [y3+ £u,yi+ eu], and b^ex^piiB^) = [yi + eu,y2 + eu]; 

this can be done since [y^, yj] < for every i,j G N4 with i 7^ j. Using 

^i = exp(iai) (i G N3), and ^4 = 1, 

the previous paragraph then implies that the function / : M'^ — > M defined by 

f{ai,a2, as) -.—ai cos(q;i + Ai) + 02 cos(q;2 + ^2) + ^3 cos(a3 + A3) 

+ 61 cos(a2 — ^3 + -Bi) + 62 cos(a3 - ai + B2) + b^ cos(ai — 02 + -83) 

attains its maximum at (a, tt, a + Tr) and (tt, a, a + ir) for every a G M. In particular, 
these triples must be solutions of the equations 

= ^ — (ai, 01270:3) = t; — (Q:i,Q:2,a3J = - — (Q:i,a2703) • 
oai oa2 oa3 

This implies that Ai = Bi = tt {i (z N3) and ai = 02 = 03 = 61 = 62 = b^. 

Thus we have shown that, for each e G M with sufficiently small |e|, all the 
numbers 

[yi + £u, yj +eu] (i, j G N4, « ^ j) 
are equal to the same negative real number. Thus, the numbers 

[yi, u] + [u, yj] {i,j G N4, J 7^ j) 
are all equal, and since y — (yi, . . . , y4) is a scaling of (xi, . . . , X4), we deduce that 

[u, Xl] = [u, X2] = [u, X3] = [u, X4] . 

Solving these linear equations, we obtain m = 0. This implies that y is an extreme 
point of L. Hence S4 C exL, and so || • \\^ 7^ || • W^^^ on H^. D 

The above calculation shows that 1 < C4 < c„ < ^/y/n for all n > 4. However, 
we have not calculated the actual value of C4, or of any c„ for n > 4. 
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